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ABSTRACT

The aim of this thesis is to provide a summary of different versions of Zariski’s Main
Theorem, or ZMT for short. In particular, the original statement on birational
correspondences is stated and proven for more general schemes. For the proof we
make use of Peskine’s version of ZMT, which is an algebraic generalization of the
Zariski’s original statement. We will continue by proving the so-called power series
version and discuss the Nagata property. Finally, we present an extended version
of ZMT which shows how the different statements interrelate and gives a geometric
characterization of normal points.

ZUSAMMENFASSUNG

Das Ziel dieser Arbeit ist es, einen Uberblick tiber verschiedene Versionen von
Zariski’s Main Theorem zu geben. Insbesondere wird das urspriingliche Theorem
iiber birational Korrespondenzen fiir allgemeinere Schemata bewiesen. Fiir den Be-
weis verwenden wir Peskine’s Variante des ZMT, welche eine algebraische Verall-
gemeinerung des Originaltheorems darstellt. Weiters beweisen wir die sogenannte
Potenzreihenversion und behandeln die Nagata-Eigenschaft. Schliellich prasentieren
wir eine erweiterte Version des ZMT, welche aufzeigt, wie die verschiedenen Versio-
nen zusammenhangen. Zusétzlich liefert diese eine geometrische Charakterisierung
normaler Punkte.
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Introduction

There exist many different results in the literature called Zariski’s Main Theorem
(or ZMT for short) and often, there is no immediately apparent relation between
them. Mumford gives a list of five statements he calls Zariski’s Main Theorem in
[Mum99]; but apart from that, there is surprisingly little information on how these
different versions compare. In particular, the reader seldomly finds any reference to
the context in which the theorem initially appeared.

Consider an example: for n > 2, take the blow-up f : Y — A} of the affine n-space
at the origin. Write U for the open subset A} —{0}. Then f induces an isomorphism
Y — f7YU) ~ U, ie., f is birational. Observe that 0 is a point at which f is not
a local isomorphism. Such points are called fundamental. The preimage of 0 under
f is isomorphic to IP’Z_l, in particular, the fiber f~1(0) is positive dimensional.
The original statement of Zariski’s Main Theorem is that this property holds for
the fundamental points of any birational morphism X’ — X between k-varieties,
provided that the variety X is normal. More precisely, it says that every irreducible
component of the fiber of a fundamental point on X has positive dimension. Recall
that a variety is called normal if, for every point = of X, the local ring Ox, is an
integrally closed domain.

Our aim here is two-fold: first, to provide the historical context for Zariski’s original
theorem and present the results in a more modern language. Second, we want to
prove an extended version of ZMT, which contains the original version while at the
same time showing its relation to other versions. The precise statement is as follows:
let X be an integral scheme fulfilling some appropriate properties; namely, that X
is of finite type over Spec(A), where A is a Nagata Dedekind domain. For any point

x € X, the following are equivalent:

(1) X is normal at z.

(2) The completion 6); of the local ring Ox , is an integrally closed domain.

(3) For every every birational morphism f : X’ — X such that f is not a local
isomorphism at z, every irreducible component of the fiber f~!(x) is positive

dimensional.

Note that the implication (1) = (3) is just the statement of the original ZMT.
To prove (1) => (2) is the main objective of Chapter 3| The converse implications
(2) = (1) and (3) = (1) are, in contrast, very easy. This gives us a rather geo-
metric characterization of normal points.

This thesis is structured in such a way as to take into account the historical progress.
We start with Chapter (1] where our main aim is to translate the concepts and re-
sults of Zariski’s original article into the language of schemes. First, we give a precise

definition of birational maps for general integral schemes. Following the approach
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of Zariski, we go on to define birational correspondences using valuations. In par-
ticular, this allows us to prove a weak version of ZMT. The definitions and results
of Chapter [I| are all essentially contained in [Zar43|, though stated and proven here
in much more generality.

In Chapter [2] we want to present Peskine’s version, which is a rather natural gen-
eralization of the original ZMT. It roughly states that a finite-type morphism with
finite fibers between affine schemes factors as a composition of an open immersion,
followed by a finite morphism. Most of this chapter is taken up by the proof of
Peskine’s theorem, which is based on Zariski’s original proof. At the end, we prove
some easy corollaries and briefly mention Grothendieck’s version of ZMT, which
generalizes the statement of Peskine’s version to non-affine schemes. Grothendieck
proves his result using different methods from the ones covered here. We will not
give any proof since doing so would go beyond the scope of this thesis.

Chapter (3| is devoted to the power series version of Zariski’s Main Theorem. It
was first proven by Zariski in 1950. The original statement is the following: let
Ox . be the local ring of a point z of a k-variety and assume that (1) Ox, is an
integrally closed domain and (2) the residue field k(z) of x is separable over k. Then
the completion 6; is again a normal domain. Surprisingly, the original ZMT can
be proven quite easily using the power series version. One of the key steps in the
proof of the power series version is the finiteness of certain integral closures, which
we discuss in detail. The last part of Chapter [3|is proving the power series version
in a more general situation, following Nagata in [Nag62]. Nagata’s proof is almost
exactly the same as Zariski’s, modulo a few modifications for the inseparable case.
Finally, in Chapter [4] we state and prove the extended version of ZMT, which sum-
marizes both the original statement and the power series version. Thus we obtain
the aforementioned characterization of normal points. We finish by providing some
examples illustrating the statement of the extended version.

As a final remark, there exists a result by Zariski known as the “Connectedness Theo-
rem” (see [Zar57]), which is sometimes also called “Zariski’s Main Theorem”. While
it is closely related and can be used to prove a version of ZMT (see Theorem [2.20)),
the Connectedness theorem holds under weaker assumptions. In particular, it does
not characterize normal points in the sense of the extended ZMT, so we will not

mention it here.

Prerequisites: As Zariski’s Main Theorem is a result in algebraic geometry whose
proof is almost entirely algebraic, this thesis uses quite a lot of commutative alge-
bra. We assume basic knowledge both of commutative algebra and the theory of
schemes. There is an appendix included which contains the most important results
and definitions. The reader is recommended to use [AM94], [Mat89] and [Har77] as

a general reference.



1. Zariski’s original version: Birational correspondences

The original version of Zariski’s Main Theorem was first stated and proven in
“Foundations of a general theory of birational correspondences”(1943) by Oscar

Zariski, see [Zard3, p.522]. In this paper, the theorem was stated as follows:
MAIN THEOREM. If W is an irreducible fundamental variety on V

of a birational correspondence T between V and V'’ and if T" has no
fundamental elements on V’, then - under the assumption that V is

locally normal at W - each irreducible component of the transform
T[W] is of higher dimension than W.

Zariski’s objective was to systematically introduce concepts and results of the
theory of birational correspondences. An important role there belongs to normal
varieties, which were introduced as a class of varieties more general than nonsingular
ones, such that many known properties of birational correspondences still hold true.
Our aim in this chapter is to extend birational correspondences to general schemes.
First, we give a precise definition of rational maps for schemes over an arbitrary
base scheme S. Zariski used the theory of valuations in order to define birational
correspondences for varieties. We will keep this approach while translating the
constructions and results into the language of schemes. This will provide the original
context for Zariski’s Main Theorem. For the proof, we reduce the statement to a
purely algebraic one, see Lemmal(l.24] We will not prove Lemmall.24]in this chapter,
since the proof is essentially the same as Peskine’s one, which we will carry out in
Chapter [2|

1.1. RATIONAL MAPS AND BIRATIONAL TRANSFORMATIONS

In this section we will define rational maps for integral schemes X, Y as equivalence
classes of morphisms defined on some open subset U C X. Let us start with the

following topological result.

Lemma 1.1. Let X be an irreducible scheme. Then every open subset of X is either
empty or contains the generic point of X. In particular, every nonempty open of X

is dense and the intersection of any two nonempty opens is nonempty.

Proof. This follows from the fact that every open subset U of X is stable under
generization: if z € U is a point and 2’ € X such that z € {z’}, then we have
2 el. O

Let X,Y be integral schemes over some base scheme S. Consider the set of all
pairs (U, f) where U C X is a nonempty open and f : U — Y an S-morphism. Define
an equivalence relation on this set by considering two pairs (U, f), (V, g) equivalent
if there exists a nonempty open W C U NV such that f|ly = glw. An S-rational
map f: X --» Y is given by an equivalence class (U, f) and denote the set of all
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such maps by Ratg(X,Y). The morphism f : U — X is called a representative for
f. Note that there exists a natural map Homg(X,Y) — Ratg(X,Y). This map is
not injective in general, since two different morphisms might agree on an nonempty

open subset. However, when Y is separated, we have the following result:

Lemma 1.2. Let X,Y be two schemes over a scheme S, with Y separated over S.
Let U C X be a dense open subset and f,q: X =Y two S-morphisms that agree on
U. Then flx.., =9

X,oq- A1 particular, if X is reduced we have f = g.

We skip the proof here and refer the reader to [GW10), Corollary 9.9].
Let f: X --+ Y be a rational S-map. Denote by domg(f) the set of points z € X
such that there exists a open U C X with z € U and an S-morphism f U—=Y
which is a representative of f. Clearly domg(f) itself is open. We call it the domain
of definition of f and say that x € X is regular for f if x € domg(f); otherwise we

call x a fundamental point. From the previous lemma we obtain immediately:

Proposition 1.3. Let f : X --» Y be a rational S-map between integral schemes
and assume that Y is separated over S. Then there exists a unique representative
f - domg(f) =Y for f. In particular, the natural map Homg(X,Y) — Ratg(X,Y)

1S injective.

Proof. By definition, the open set domg(f) is covered by opens U; such that there
exists a representative f; : U; —Y for f. By Lemma the f; agree on the in-
tersections of the U;, hence we can glue them to obtain a unique representative
f:domg(f) =Y (see [GWI0, Proposition 3.5] for details). O

In general it does not make sense to compose rational maps: let f : X --»
Y and g : Y --» Z be rational maps, then f(domg(f)) and domg(g) might not
intersect (and hence the composition g o f is defined nowhere). This happens if
f(domg(f)) is not dense anymore. In order to be able to build a category we
restrict to integral schemes and rational maps between them which allow a dominant
representative. We call a rational S-map f : X --+ Y dominant if there exists a
dominant representative f : U —Y of f. Since every nonempty open subset of X
contains the generic point £ of X, by Lemma , f is dominant if and only if f(¢) is
the generic point of Y. In particular, every representative of a dominant S-rational
map is dominant.

Now let f: X --» Y and g : Y --» Z be rational S-maps between integral schemes
and assume that f is dominant. Choose representatives f U—=Y and g: V=2
for f and g. Since f is dominant, we have that f~!(V) contains the generic point
of X and hence UN f ~1(V) is nonempty. We define the composition go f to be the
rational map given by the representative o f: UN f “1(V)— Z. Tt is easy to check
that this definition is independent of the choice of representatives for f and g.

Let f: X --» Y be a dominant rational S-map. Then f is called birational if f
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is an isomorphism in the category of integral S-schemes together with dominant
rational S-maps as morphisms. The following lemma gives some characterizations

for a rational map to be birational.

Lemma 1.4. Let f : X --» Y be a dominant S-rational map between integral

S-schemes. The following are equivalent:

(1) f is birational.

(2) For every representative f : U—=Y there exists an S-morphism g : V — X
with V.C Y nonempty open such that fog=id and §o f = id, where they
are defined.

(3) There exists a representative f:U—=Y which induces an isomorphism of U
with some open V C Y.

Proof. If f is birational, then this means that there exists a rational S-map ¢ :
Y --» X such that g o f = id (where id denotes the rational map represented by
idy : X = X). In order to prove that (1) implies (2), take any representative g :
V — X. Since f is dominant we have that U1 f~*(V) is nonempty. By assumption,
there exists a nonempty open U’ C U N f~1(V) such that §o f = id on U’. After
shrinking V' we get that §o f = id where the composition is defined. Repeat the
same argument to obtain f og=id.

Now assume (2). Choose a representative f : U' =Y, then by assumptions there
exists a morphism § : V' — X such that §o f = id where they are defined. Set
U=U'"Nf"'(V)and V =V'Ng Y U’), then it is easy to check that f|y : U —V
is an isomorphism and again a representative for f.

Finally, let us prove that (3) implies (1). By assumption there exists a nonempty
open V CY and a morphism § : V — X such that jo f =id on U, and fo § = id
on V. Hence the S-rational map ¢ given by g is a two-sided inverse for f and we

are done. n

Given any S-rational f : X --» Y map as above, denote by f’ the rational map
represented by the morphism g in (2) and call it the inverse of f.

Remark 1.5. Let XY be integral separated S-schemes and f : X --» Y a birational
S-map. Denote by f and f the unique representatives for f and f’ from Lemmal[1.3]
Set

U:={x € X : xisregular for f, f(z) is regular for f'}.

Then U = domg(f) N f~(domg(f")) and U is the maximal open set such that there
exists a representative for f with property (3) in Lemma .

Any birational S-map f : X --» Y between integral S-schemes induces an iso-
morphism of function fields K(X) ~ K(Y). The converse does not hold true in
general. A necessary condition is that the generic points of X and Y lie over the
same point in S and Spec(K (X)) — Spec(K(Y)) factors over S. However, there
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exist examples where such a morphism does not induce an isomorphism of open
subset. It turns out that a sufficient additional condition for X and Y is to be
locally of finite presentation over S. This result is taken from [GW10L p.257].

Proposition 1.6. Let XY be S-schemes and x € X,y € Y points lying over the

same point s € S.

(1) Suppose that Y is locally of finite type over S. Let f,f : X =Y be S-
morphisms with f(z) = f'(x) =y and such that local ring maps Oy, — Ox ,
coincide. Then f and f' coincide on an open neighborhood of x.

(2) Suppose that'Y is locally of finite presentation over S. Let ¢, : Oy, — Ox 4
be a local Ogs-map. Then there exists an open neighborhood U of x and
an S-morphism f : U—Y with f(x) =y and such that the local ring map
Oy, — Ox induced by f is given by ¢,.

(3) If in (2) in addition X is locally of finite type over S, then one can find U
and [ such that f is of finite type.

(4) If in (2) in addition X is locally of finite presentation over S and @, is an
1somorphism, then one can find U and f such that f is an isomorphism of

U onto an open neighborhood of y.

We will now apply the proposition to the special case of integral schemes which
are locally of finite presentation over an affine scheme S and obtain the following

result:

Proposition 1.7. Let X and Y be integral schemes locally of finite presentation
over an affine base scheme S = Spec(A). Assume the generic points of X andY lie
over the same base point in S. Then:
(1) Any A-algebra map ¢ : K(X)— K(Y) induces a rational map f: X --+ Y.
If v is an isomorphism, then f is birational.
(2) Let f: X --»Y be a birational map and v € X a point. Then x is reqular for
f if and only if there exists y € Y such that the local rings Ox , dominates
Oy, where both are seen as local subrings of K(X) ~ K(Y).

Proof. The first part follows directly from Proposition [1.6] For the second part, we
only have to show that z and y lie over the same point s € S. But this follows
from the fact that, by our assumptions, the structure ring map A — Ox , factors as
A= Oyy—Oxy. O

We now want to extend the definition of birational maps: let X, X’ be arbitrary
integral schemes over some base scheme S. A birational transformation T : X --+
X' is defined as an S-isomorphism Spec(K (X)) — Spec(K(Y)). We say that a
point z of X is regular for T if there exists a point ' of X’ and an S-morphism
Spec(Ox ) — Spec(Ox,). The point 2’ is called the image of x. If there does not
exist such an S-morphism we say that z is fundamental for T'. If X, X" and S fulfill
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the conditions of Proposition [I.7] then any birational transformation 7" between X
and X' induces a birational map f : X --+ X’ and z € X is regular/fundamental
for T if and only if = is regular/fundamental for f.

Using the above notions, it is possible to give a slightly more general definition of
birational morphisms: if f : X —Y is an S-morphism, then, from now on, we call

f birational if there exists a diagram of S-morphisms

X d %

| |

Spec(K (X)) — Spec(K(Y))

with the vertical arrows given by the canonical maps and the lower horizontal arrow
an isomorphism. In particular, a birational morphism induces a birational transfor-
mation 7" : X --» Y which is regular at all z € X and such that the image of z
under T"is f(x).

Finally, note that, if X is an integral scheme over S, then the normalization XX

is always birational under the above definition.

1.2. VALUATION-THEORETIC APPROACH TO BIRATIONAL CORRESPONDENCES

Zariski’s original definition of birational correspondences was purely valuation-
theoretic and many proofs in [Zar43] made use of this. In particular, a weak form
of the Main theorem can be proven using only the fact that every integrally closed
domain is the intersection of all valuation rings containing it. While we want to keep
Zariski’s approach, there is also a way to define birational correspondences avoiding
valuations entirely, as we will see below.

Let us make a brief remark on the different assumptions made in this section. The
constructions presented at the beginning work for schemes over an arbitrary base
scheme S. However, for later results it will be convenient to assume that our schemes
are of finite type over S, where S is Noetherian affine. We will repeat these assump-
tions at the exact place where they are needed.

We start with a definition made for technical reasons: If S is any scheme and
Spec(K) — S a morphism, then we call a valuation ring R an S-valuation ring if
the natural morphism Spec(K) — Spec(R) is an S-morphism. We may sometimes
omit S if there is no ambiguity. In [Zar43|, Zariski originally considered the case
S = Spec(k), with k a subfield of K. Observe that for S = Spec(k), any valuation
ring of K is an S-valuation ring if and only if its associated valuation is trivial on k.
Let X be an integral scheme over S and denote by K the function field of X. Let

x be any point of X; we say that an S-valuation ring R of K has center x on X if
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there exists a commutative diagram

Spec(K) — X

| ]

Spec(R) —— S

such that the morphism Spec(R) — X maps the unique closed point of Spec(R) to
z. In particular, by Lemma [E.4] any such diagram implies that the valuation ring
R dominates Ox , as a subring of K.

Note that for every point z of X there exists an S-valuation ring of K which has
center z; indeed, by Zorn’s lemma, Ox , is contained in some valuation ring R and
Spec(R) is a scheme over S via the composition Ogs— Ox < R, where s is the
image of x under X — 5.

Let T': X --+ X' be a birational transformation over S and denote by K their
common function field; we say that ' € X corresponds to x € X if there exists an
S-valuation ring R of K with center 2’ on X’ and x on X. In other words, if there

exists a commutative diagram of S-morphisms

Spec(K)

SN

X X'
\ /
Spec(R)

such that the closed point of Spec(R) gets mapped to z’ respectively x.
Assume that z € X is a regular point for 7" with image x’. Let R be an S-valuation

ring with center x € X. Note that the morphism Spec(R) — X factors as
Spec(R) — Spec(Ox ) = X
and composing the first morphism with Spec(Ox ) — Spec(Ox ,) yields a diagram
Spec(K)

e

Spec(@x,x) SpeC(OX/7$/)

~ 7

Spec(R)

Since the closed point of R maps to the unique closed point of Spec(Ox /) we see
that R has center 2’ on X’; so in particular the point 2’ corresponds to z. Observe
that for a regular point x € X, there might still correspond more than one point of

X’ to x. This happens when the center of a valuation ring on X’ is not unique.
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Let us now introduce an alternative way to define birational correspondences: let
T : X --» X' be a birational transformation and consider the canonical morphisms
Spec(K) — X, Spec(K)— X' (with K the common function field). These mor-
phisms give rise to a unique morphism Spec(K) — X x g X', which identifies a point
& on X xg X' with residue field K. Define the graph I' of T' to be the closure of
the singleton {¢} inside X x g X’ with its reduced scheme structure (in [Zar43] this
construction was called the join of T'). Then I' is again an integral scheme with
function field K. Restricting the projections of X x ¢ X’ to I" gives rise to birational
morphisms p : I'— X and p’ : I'— X’. Note that I" obtains many nice properties
from X and X'.

Lemma 1.8. Let T : X --» X' be a birational transformation and I" the graph of
T. If X and X' are of finite type over S then so is I'. If furthermore both X and
X' are separated (resp. proper), then I is separated (resp. proper).

Proof. Note that I" becomes a scheme over S via the composition
I'— X xg X' —= 5.

Since any closed immersion is proper, it suffices to prove all assertions for X xg X’.

Observe that the morphism X x ¢ X’ — S is again obtained by a composition, namely
Xxg X — X —= 5,

where the first arrow is just the base change of X — .S by X’ —S. The statement
follows since all properties - finite type, separated, proper - are stable under base

change and composition. 0

We now want to connect the notion of birational correspondences to the graph I'.

Lemma 1.9. Let T : X --» X' be a birational transformation and I',p,p’ defined

as above. Then for each x € X the set of all points of X' corresponding to x’ equals
p'(p~ (@)

Proof. Let ' € X' correspond to z and let R be an S-valuation ring with centers

x,x’. By definition this induces a diagram

Spec(R) — X x X'

|

Spec(K)

Call z the image of the closed point of Spec(R) in X x X’. By Lemma the
element z lies on I" and it is clear that z gets mapped to x respectively z’.

Conversely, assume z € I' with p(z) = x and p/(z) = 2’. Let R be an S-valuation
ring with center z on I. Composing the morphism Spec(R) — I" with p, p’ we see

that R has center x on X and ' on X’. Hence x corresponds to x’. O
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For T: X --» X’ we call p/(p~*(x)) the transform of x and denote it by T'[x].

Remark 1.10. In [Zard3] the transform T'[Z] of an irreducible closed subset Z was
defined as the Zariski closure of p/(p~1(n.)), where 7, denotes the generic point of Z.
The original statement of Zariski’s Main Theorem concerned the dimension of the
transform for fundamental points. Note that T'[Z] can be a proper subset of the total
transform p'(p=1(Z)): consider the blowup X — A? of A? at the origin (see [Har77,
I.4] for a definition). Let Y be the plane nodal curve defined by y = 2?(z+1) in AZ.
Then the transform T'[Y] does not contain the exceptional divisor E = Py, since the

generic point of E gets mapped to 0 € Y.

Lemma 1.11. Let T : X --» X’ be a birational transformation and assume that x

18 reqular for T'. Then x is reqular for X --» I.

Proof. Choose an affine open neighborhoods U = Spec(B), U’ = Spec(B’) of x and
the unique point z’ corresponding to x; denote by g, q’ the prime ideals associated
to them. Then U xg U’ = Spec(B ®4 B’) is an open affine of X xg X’. Hence we
get that I'NU x U’ is an affine open of I" with

I'nU x U = Spec((B® B')/J),

where J is the kernel of the map B ® B’ — K, which sends b ® b/ to bb' € K. By
construction I"' N U x U’ contains all z € I" corresponding to both x and z/. Write
C'=(B®B’)/J and nC C for a prime associated to such a point z. Since n lies over
q we get a map By — C\,. It is injective since ' — X is dominant. We are done if we
show that this map is surjective. Note that, by assumption, Bél, C By, and hence,

when considered as subrings of K, the ring C' is contained in B,. This implies that
By = C,. O

Example 1.12. We will now illustrate the constructions above using an example:
Take the quadratic Cremona transformation 7' : X --» X', with X = X' = P,
given by (xg : @1 : x9) — (X129 : oLy : Tox1) in homogeneous coordinates. It has
three fundamental points (0:0:1),(0:1:0) and (1:0:0). Denote by = the point
given by (1:0:0). Its local ring embeds into the function field as

OX,:E ~ k[X, Y](X’y).

Now consider the two points z,2’ given by (0 : 1 : 0) and (0 : 0 : 1). Via the

isomorphism their local rings embed into the function field as follows:
OX’,Z ~ k[X, X/Y}(ny/y), OX/,z’ ~ ]{][Y, Y/X](y’y/x).

Note that Ox, and Oy . are dominated by the local ring k[X,Y, X/Y|x vx/v) =
K[X,Y, Z)xy,2)/(ZY — X) inside k(X,Y); so in particular there exists a k-valuation
ring of k(X,Y’) with center z on X and z on X’. The same argument works for z

and 2’, so both z and 2z’ correspond to z.
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We will now use the graph I" of T to find all points of X’ corresponding to x. Let
Up be the open affine of X where o # 0 and V; the open affine of X’ where y; # 0.
Then it is easy to check that U = I' N (Uy x V1) is an open affine of I" with

Op = (k[X,Y] @ K[S, T])/(S — X, TY — X).

Now via the map k[X,Y]— Oy the ideal (X,Y,S) of Oy lies over (X,Y). Trans-
lating back to geometry this implies that the set of all points of X’ corresponding

to x is the closed set defined by yo = 0 (in homogeneous coordinates).

From now on, for the sake of convenience, we will tacitly assume that all schemes
are of finite type over S = Spec(A) affine, with A Noetherian. In particular, by
Proposition every birational transformation 7 : X --» X’ induces a rational
S-map f: X --» Y. For example, in the next lemma we need X to be Noetherian
in order to be able to apply Theorem [E.5]

Lemma 1.13. Let X be separated over S, then any S-valuation ring R of K has at

most one center on X. If X is proper over S then R has a unique center on X.

Proof. Note that X is Noetherian since it is of finite type over S, which is Noe-
therian affine. Then the lemma is a direct application of the valuative criterion of
separatedness resp. properness, see Theorem [E.5] Namely, an S-valuation ring R of

K gives rise to a unique diagram

Spec(K) — X .
| ]
Spec(R) —— S

and a diagonal arrow corresponds to a center of R on X. 0

Corollary 1.14. X

(1) Let T : X --» X' be a birational transformation and suppose that x is
reqular for T, with image ' € X'. If X' is separated then x' is the only point
corresponding to x.

(2) Let f: X'— X be a birational morphism. If both X and X' are separated,
then for each x € X the set of all points of X' corresponding to x equals

(@)

Proof. Let us prove (1). By assumption, any S-valuation ring R with center x on
X has center 2’ on X’ and using Lemma it follows that this 2’ is unique.

From (1) it follows that each element of f~!(x) corresponds to z. Now suppose that
a2’ corresponds to x and let R be an S-valuation ring with centers z,2’. Then R also

has center f(z’) on X and since X is separated we have x = f(2/). O
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The following lemma says that for a normal scheme X, all fundamental points
of X have codimension at least 2. The statement follows for the same reason that

normal varieties are nonsingular in codimension 1.

Lemma 1.15. Let T : X --» X' be a birational transformation and assume X is
normal and X' is proper. Then any fundamental point of X for T has codimension
> 2.

Proof. Let x € X be a point of codimension 1, then Oy, is an integrally closed
domain of dimension 1 and hence a (discrete) valuation ring. Since X’ is proper, by
Lemma there exists a local ring map Ox v — Ox , for some (unique) z’. But
this implies that x is regular for T'. O

Corollary states that, if x was a regular point for a birational transformation
T : X --» X’ and under the assumption that X’ is separated, there corresponds
only one point on X’ to x. The converse only holds under additional assumptions;
in particular, that x is a normal point of X. We first need the following lemma,
which is the scheme-theoretic version of Corollary [E.3]

Lemma 1.16. Let B be a normal local domain with quotient field K such that
Spec(B) is a scheme over S. Let C be a ring such that for all S-valuation rings R

of K dominating B there exists a diagram

Spec(R) Spec(C)

~

Spec(K)

of S-morphisms. Then there ezists a unique S-morphism Spec(B) — Spec(C) mak-

g all the diagrams commute.

Proof. Since B is normal, by Corollary it is equal to the intersection of all
valuation rings of K dominating it. Note that every valuation ring R dominating B
is an S-valuation ring of K and for each such R we have, by assumption, C' C R C K.
Hence C € B C K and this induces an S-morphism Spec(B) — Spec(C) with the
desired properties. O

Lemma 1.17. Let T : X --+» X' be a birational transformation and assume that X’
18 proper and X is normal. If to x € X there corresponds only one ' € X' then x

is reqular for T.

Proof. Let R be a valuation ring with center x. Since X' is proper R has center x’ on
X', which means we can apply Lemma with B = Oy, and we are done. [J

Remark 1.18. Note that the lemma is false if we drop the assumption that x is a

normal point: Let X be the projectivized cusp in P% defined by xoz3 — 23 = 0.
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Consider the birational morphism P} — X induced by the usual parametrization of

the cusp; in homogeneous coordinates, it can be written as
Py — X; (to:ty) = (t5 : tot? : 9).

By considering its inverse we get a birational transformation 7' : X --» P} with
one fundamental point z = (1 : 0 : 0) € X. It is easy to check that to z there

corresponds only 2’ = (1: 0) € P}, but z is not regular for T since Ox/ s ¢ Ox...

In the case where X’ is not only proper but projective, we can prove the stronger
statement that a point x € X is regular for X --» X’ if and only if there correspond
only finitely many points of X’ to x. Let us briefly recall the definition of a projective
scheme: for any base scheme .S, define projective n-space over S as P4 =P xz S,
where P} = Proj(Z[Xy,...,X,]). Note that if S = Spec(A) is affine, then P% is
just Proj(A[Xo,...,X,]). An S-scheme X is said to be projective if the structure
morphism X — S factors through a closed immersion X — P§ for some n. Note that
any projective scheme is proper, see for example [Har77, Theorem 11.4.9]. The only

property that we need from projective schemes is the following result.

Lemma 1.19. Let X be a projective scheme over S and let zy, . . ., zs be a finite num-
ber of points in X. Then there exists an affine open U = Spec(R) of X containing

all the z;’s.

Proof. 1t is sufficient to prove the statement for X = Proj(A), where A is any graded
ring. Let py,...,ps be the homogeneous primes of S corresponding to zy, ..., z; and
denote by S, the ideal @, ,S4, where Sy are the homogeneous elements of S of
degree d. Since S, ¢ p; for all ¢ and by the Prime avoidance lemma (see there
exists f € S, such that f ¢ p; for all i. We can assume f to be homogeneous; then
Di(f) = {q € Proj(S) : f ¢ q} is an affine open of X containing all the z; (for
details see [Har77, 11.2.5]). O

Compare the next theorem with |[Zar43, Theorem 10].

Theorem 1.20. Let T : X --» X' be a birational transformation and assume that
X' is projective (over S). Let x € X be a normal point such that there correspond
only finitely many ' € X' to x. Then x is reqular for T (in particular, to x there

corresponds a unique ' € X').

Proof. By Lemma we find an affine open U’ = Spec(B) containing all points
' € X' corresponding to x. Since X' is proper, the center (on X') of each S-
valuation ring R with center x is contained in U’, so for each such R we get a
diagram

Spec(R) — Spec(B) .

| |

Spec(Ox ) <— Spec(K)
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Using Lemma we get an S-morphism Spec(Ox ) — Spec(B), which implies

that x is regular for the birational transformation. 0

The following corollary is a weaker form of Zariski’s Main Theorem. It states
roughly that the transform of a fundamental point has to have at least one positive

dimensional component.

Corollary 1.21. Let f : X' — X be a birational morphism and assume that X' is
projective and X is separated. If x € X is a normal point and x fundamental for f'
then dim f~Y(x) > 1, i.e. there exists at least one component of f~1(x) of positive

dimension.

Proof. Note that, since f is of finite type, the scheme-theoretic fiber X’ x x x(x) is
of finite type over the field x(z); so f~'(x) is zero-dimensional if and only if it is
finite as a set. So the statement follows by applying Theorem to the birational
transformation f’: X --+ X'. O

If we assume that the normalization X — X is finite - which is fulfilled if X is a
Japanese scheme, see Chapter [3|- then we can prove the next result. Compare this
with [Gro66], (8.11.1)], which says that any proper, quasi-finite morphism locally of

finite presentation is finite.

Corollary 1.22. Let f : X' — X be a birational morphism with X' projective and
X separated. Assume that the normalization X=X isa finite morphism and that,
for every x € X, the fiber f~(z) is finite. Then the morphism f is finite.

Proof. Consider the normalization XX , which induces a birational transforma-
tion X --» X’. Let 7 € X and z the image of . Any valuation ring with center =
on X has center x on X. Hence, by assumption, there correspond only finitely many
' € X' to . Now apply Theorem m to get that x is regular for X --» X'. This
holds for any z € X , hence we get a factorization X — X' — X. But this implies
that X’ — X is finite. O

Now we come to the original formulation of Zariski’s Main Theorem, which first
appeared in [Zar43, p.522]. It says that, for any birational morphism X’ — X and
under the assumption that X is normal, every component of the transform of a

fundamental point x € X is positive-dimensional.

Theorem 1.23 (Main theorem). Let f : X' — X be a birational morphism and
assume that X is normal. Then, if x € X is fundamental for f’, each irreducible

component of f~1(x) has positive dimension.

Assume the contrary, i.e. that f~!(z) has an irreducible component Z of dimen-
sion 0. Then Z consists of a single point z and we identify z with the corresponding
point &’ € X’ mapping to x. Note that, by assumption, Z is both open and closed

in f~'(z). Thus we have arrived quite naturally at the notion of isolated points,
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which are defined as points of a topological space whose corresponding singleton is
open as a topological subspace. We will provide algebraic characterizations for this
topological definition in the next chapter. What we have to prove is that z is regular
for f’. Choose affine open subsets U’ = Spec(B’) of 2/ and U = Spec(B) of x such
that f(U’) CU. Since X and X' are integral the rings B and B’ are domains, which
are of finite type over a Noetherian ring A. The morphism f induces an extension
B C B’ such that Quot(B) = Quot(B’), and since X is normal, we have that B is
integrally closed. Let q denote the prime of B’ corresponding to z’, and similarly
for pC B and z. Our assumptions say that g N B = p and that the image of q in
the fiber ring B’ ® g B, /pB, is isolated; we say that q is isolated in its fiber. Hence

it is sufficient to prove the following lemma (compare to [Zard3, Theorem 14)):

Lemma 1.24. Let B C B’ be an extension of domains which are of finite type over a
Noetherian ring A and such that Quot(B) = Quot(B’). Assume that B is integrally
closed. Let q be a prime of B" with p = qN B and such that q is isolated in its fiber.
Then B, = Bj.

We will not prove this result here, but show in the next chapter that it is a direct
consequence of Peskine’s theorem (see Theorem. In fact, the proof of the lemma
is more or less exactly the same as the proof given by Peskine. The main observation
is that, along with the assumption that q is isolated in its fiber, the crucial conditions
here are:

(1) The extension B C B’ is of finite type since both B, B" are of finite type over
A.
(2) B is integrally closed in B’, since B is integrally closed in Quot(B) and
Quot(B) = Quot(B’).
Instead of assuming that B is integrally closed, Peskine considers the relative integral
closure of B in B’. Furthermore, by assuming that B — B’ is of finite type, it is
possible to prove the result while omitting all Noetherianity conditions on B and
B
As a final comment, if we want to extend Corollary and Theorem to the
more general case of a birational transformation, we obtain results on the dimension
of the components of p~*(z), where p: I'— X is the projection of the graph of the

birational transformation X --+ X’.
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2. Peskine’s version: A structure theorem for quasi-finite

morphisms

In this chapter, we will formulate and prove a variant of Zariski’s main theorem,
originally introduced by Christian Peskine in [Pes66]. His main observation was
that the original proof of Zariski could be generalized to arbitrary rings by adding
a few minor arguments. Peskine’s statement and proof can be found, with slight
differences, in various books, see for example [Pes96, Chapter 13|, [Ive73, 1V.2],
[Ray70l IV, Proposition 1] or [GW10, Proposition 12.76].

Since it avoids any Noetherianity assumption, the proof of Peskine lends itself to a
constructive version. See [ACLI4| for a proof in the case where a whole fiber of a
ring map is finite.

First, we will define the notion of isolated primes and its geometric counterpart,
quasi-finite morphisms. Then, we will state and prove Peskine’s theorem. The
proof itself is completely algebraic in nature and uses only elementary commutative
algebra. Finally, we will briefly discuss the Grothendieck version of Zariski’s Main
Theorem, which can be seen as a natural generalization of Peskine’s result. It
appeared first in its weakest form in [Gro61) (4.4.3)]. We will not give a proof here

since this would go beyond the scope of this thesis.

2.1. ISOLATED PRIMES AND QUASI-FINITE MORPHISMS

Fix some notation first: let R — S be any ring map and p a prime of R. Then we
denote by Sp the ring S ®g x(p) and call it the fiber ring of p. Note that, if R — S
is of finite type, then so is x(p) = Sp). In particular, Sp) is Noetherian, even if R
and S are not.

We start with the definition of an isolated point: if X is any topological space, a
point € X is called isolated if the singleton {z} is open as a topological subspace
of X. If R is aring and p a prime of R, then p is called isolated if the corresponding
point in Spec(R) is isolated. Now let R — S be any ring map, ¢ a prime of S and
write p = q N R. Then we say that q is isolated in its fiber (or alternatively: q is
isolated over p) if the image of q in Sy, is an isolated point. With the next lemma

we obtain an algebraic characterization of this definition:

Lemma 2.1. Let R— S be a ring map of finite type and q C S a prime lying over
p C R. Writeq for the image of q in Sp). Then the following are equivalent:

(1) q s isolated over p.

(2) q is mazimal and minimal among all primes of S lying over p, or equivalently,
q s maximal and minimal in the fiber ring Spy).

(3) (Sp))q is a finite x(p)-algebra.

(4) The extension of residue fields xk(p) C k(q) is finite and dim(Sp))g = 0.
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Proof. Write F' = S}, and observe that Fg = S;/pS;. Let us first prove that (2)
implies (1), so assume q is maximal and minimal in F. Note that F'is Noetherian and
denote by § = qu,. .., q, the minimal primes of F. It follows that Spec(F) — {q} =
V(ga N ...Ngq,), hence {q} is an open subset of Spec(F').

Assume (1). Since the principal opens form a basis for the Zariski topology there
exists a nonzero g € F with Spec(F,) = {q}. Observe that F} is local with maximal
ideal qF,, hence F, = F;. Since Fj is of finite type over x(p) we obtain (3) by
Lemma [A.2]

The implication (3) = (4) is clear since x(q) = x(q). Let us finish by proving that
(4) implies (2). That q is minimal in F' follows immediately from dim Fj = 0. Note
that we have a chain of inclusions k(p) C F'/q C k(q). But any intermediate ring of
an algebraic field extension is a field itself (see Lemma [B.G), so in particular q is

maximal in F. O

Lemma 2.2. Let R— S be a ring map of finite type such that every prime q of S is
isolated in its fiber. Then for each prime p C R the fiber ring Sy, is zero-dimensional,

or equivalently, Spec(Syy) is finite and discrete.

Proof. By Lemma each prime q of Spp) is maximal and minimal, hence dim S}, =
0. The other assertions follow from Lemma [A.2] O

Let us now define the analogue of isolated primes for schemes. Recall that for
a morphism f : X —Y the scheme-theoretic fiber of a point y € Y is defined as
X, = X xy k(y). Its underlying topological space is homeomorphic to f~*(y). If
X = Spec(S) and Y = Spec(R) are affine and p is the prime of R corresponding to
y, then X, = Spec(Sp)-

Lemma 2.3. Let f : X =Y be a morphism locally of finite type and x € X a point.
Write y = f(x). Then the following are equivalent:

(1) x is an isolated point of = (y).

(2) The image T of x in X, is a closed point and no point &' € X, specializes to

T.
(3) For all affine opens U = Spec(S) C X, V = Spec(R) CY with f(U)CV and
x € U the prime q of S corresponding to x is isolated in its fiber with respect
to the ring map R—S.
(4) There exist affine opens U = Spec(S) C X, V = Spec(R) CY with f(U)CV
and x € U such that the prime q C S corresponding to x is isolated in its

fiber with respect to the ring map R— S.

Proof. By the above remark (1) is equivalent to say that {Z} is open in X,. We
want to prove that (1) implies (2). Any open subset is closed under generiza-
tion, so no point =’ € X, can specialize to z. For the second assertion, note that

X, — Spec(k(y)) is a base change of X —Y and hence X, is locally of finite type
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over k(y). But by every open subset of X, contains a closed point, so we are
done.

Now assume (2) and let U = Spec(S) C X, V = Spec(R) CY be affine opens with
f(U)CV and = € U. By assumption the ring map R— S is of finite type. De-
note by qC S the prime corresponding to z and by p the contraction of q to R.
Note that p corresponds to the point y € Y and we have x(y) = k(p). Then
U xv k(y) = Spec(Sp) is an affine open of X, containing the point Z. In particular,
7 is an isolated point of U ®y £(y), hence q is isolated over p.

Condition (3) trivially implies (4), so to finish the proof all that is left to show is
that (4) implies (1). Assume (4), then we have to prove that {Z} is open in X,.
Note that it is sufficient to prove that there exists an open subset U of X, con-
taining T such that {Z} is open in U. But this follows again from the fact that
U xv k(y) = Spec(Sy) is affine open in X, O

If any of the equivalent conditions in Lemma [2.3| is satisfied we say that f is
quasi-finite at x. A morphism f : X —Y is called locally quasi-finite if it is locally
of finite type and quasi-finite at all z € X. If in addition f is quasi-compact, we say
that f is quasi-finite.

Corollary 2.4. Let f: X =Y be a morphism locally of finite type.
(1) f is locally quasi-finite if and only if, for all y € Y, the fiber X, is discrete

(as a topological space).
(2) Assume that f is in addition quasi-compact. Then f is quasi-finite if and
only if, for ally € Y, the fiber X,, is finite (as a set).

Proof. The first part follows immediately from the definitions. For (2), note that,
since f is quasi-compact, each fiber X, is quasi-compact. Hence X, is discrete if

and only if it is finite. 0

A prime q C S being isolated over p does not mean that the fiber of p is finite, as

the following example shows:

Ezample 2.5. Consider the algebraic set X = V(y,z) UV (y — 1) C A3, which
corresponds to the union of a hyperplane and a line, and the morphism X — Af
induced by (z,y,z) — z. Clearly the fiber of each point a € AL consists of the
union of a line and a point. Algebraically, we have a ring extension R = k[X] C
S =kX,Y,Z|/(Y,Z)N (Y — 1) and a prime q = (X,Y,Z) C S which is isolated
over p = q N k[X]| = (X). However, the fiber ring S} is not zero-dimensional (i.e.
Spec(Sp) is not finite) since (X,Y — 1) is not isolated over p. The same argument
also works for the (localized) extension U'R C U~1S with U := k[X] — (X). In
this case Spec(U~1S) can be interpreted as the set of all affine varieties contained

in X which have nonempty intersection with the hyperplane x = 0.

Any composition of locally quasi-finite morphisms is again locally quasi-finite.
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Lemma 2.6. Let f: X =Y and g : Y — Z be two morphisms locally of finite type
and assume that f is quasi-finite at x € X and g is quasi-finite at y = f(x). Then

go [ is quasi-finite at x.

Proof. Write z = g(y). Since g is quasi-finite at y, the subset f~!(y) is open as a

subspace of (g o f)71(z). By assumption, {z} is open in f~!(y), therefore {z} is

open in (go f)71(z). O
Conversely, we have the following result:

Remark 2.7. Assume we have the following situation:

R—sS—T

p——m9q

n

with n isolated over p. Then n is isolated over q; however, in general, q will not be
isolated over p.

For the geometric analogue, assume we have

x .yt gz Py 2

with g o f quasi-finite at x. Then f is quasi-finite at x, but, in general, g need not

be quasi-finite at y.

Let us give some examples for quasi-finite morphisms:

e An open immersion is locally quasi-finite, since it is locally an isomorphism.
A closed immersion is clearly quasi-finite. Hence, any immersion is locally
quasi-finite.

e A finite morphism is quasi-finite. This follows directly from Corollary [B.4]

These two examples are in some sense exhaustive: Grothendieck’s version of ZMT
says that, under some reasonable assumptions on Y and f, any quasi-finite morphism

factors as a composition of an open immersion followed by a finite morphism, see
Theorem 2.211

2.2. PESKINE’S PROOF

Let us now go back to algebra. The following is the orginal formulation of Peskine’s

theorem, see [Pes66, p.1].

Theorem 2.8 (Zariski’s Main Theorem, Peskine’s version). Let ¢ : R— S be a ring
map of finite type and q be a prime in S isolated over p = ¢~1(q). Denote by R’
the integral closure of R in S. Then there exists an element t € R', t ¢ q such that
Ré = St'
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Remark 2.9. Note that under the assumptions of the theorem, the statement is
equivalent to finding a finite R-subalgebra C'C S and t € C, t ¢ q with C; = S;.
For assume we have such a C, then, since C C R’ C S, it follows immediately that
R, = S;. Conversely, write S = R[sy, ..., Sn). Since R, = S; there exists d > 0 such
that ts; € R'. Set C' = R|[t4sy,...,t%s,,], then C is finite over R and C; = ;.

Let us start with the proof. As a first observation, note that we can replace the
ring R by its image under ¢ and assume R is a subring of S. For ¢(R)C S is of
finite type and q is isolated over ¢(p), which is a prime ideal of p(R) ~ R/ ker(y).
Following an idea first introduced in [EGET0], we actually prove a slightly stronger

statement:
Theorem 2.10. Let R C S be a ring extension and assume there exist x1,...,x, € S
such that S is integral over R[xy,...,x,]. Denote by R’ the integral closure of R in

S. If q is a prime of S isolated over p = q N R, then theret € R', t ¢ q such that
R; = St.

The proof of Theorem [2.10] will be done by induction on the number of elements

x1,...,T,. Let us start with the induction step and finish by proving the case n = 1.

Induction step: Assume the statement is true for £ < n and let R C S be a ring
extension with S finite over R[zy,...,z,]. Let q be a prime of S which is isolated

over p = qNS. Consider the ring extensions
Rlxy,...,xn 1] CR[zy, ...,z q]lx,] CS

and observe that, by Remark , the prime q is isolated over q N R[xy, ..., Tp_1].
Denote by R” the integral closure of R[xy,...,2,_1] in S. Then apply the case n = 1
to obtain ¢, € R”, ¢, ¢ q with R/ = S;,. We want to use induction on

R - R[l’l, e ,ZEn_l] C R”,

but first we have to prove that q” = qN R” is isolated over p. We have the following
situation:

R——=R'——=§

p q” q

Any prime of R” contained in q” appears in the localization R} = 5, . Since q is

isolated over p, we get that q” is minimal among all primes of R” lying over p.

By localizing R, R” and S with regard to U = R — p, we may assume that p, q are
maximal. What is left to prove is that q” is maximal too. Set K = R/p, A= R"/q"
and L = S/q. Then A is a subring of the field extension K C L. If we prove that L
is algebraic over K, then A is a field by Lemma and we are done. For this last
step we want to use Theorem [A.T] which is a variant of Hilbert’s Nullstellensatz.
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Observe that it cannot be directly applied to L, since it is not of finite type over K.
However, L is integral over K|[zy,...,x,] and the latter is a field, for example by
the Lying-Over property. Then Theorem says that K|xy,...,x,] is finite over
K and hence L is algebraic over K.

Going back, note that R’ is the integral closure of R inside R”. Hence we can apply
our induction hypothesis to get t, € R', t5 ¢ q with Rj, = R} . Now all that remains

to prove is the following lemma.

Lemma 2.11. Given ring extensions R C S C T, a prime q of T and elements
t1 € R, to € S; t1,t2 & q with Ry, = Sy, and Sy, = Ty,. Then there exists at € R,

Proof. Since R;, = S;, we can write o = t% for some £ € R. Since & = t,t¢ it follows
1
that € ¢ q. Setting t = &t ¢ q we get that R, = T;. O

The case n=1: This is the difficult part. Suppose we have
R —— R[x] —= S

with S finite over R[x] and q isolated over p. The idea now is to define the conductor
ideal J = (R[z] : S) = {t € R[z]|,t-SC R[x]}. Observe that J is both an ideal of
R[z] and S; in fact, J is maximal with this property. We now consider two cases,
namely whether J is contained in ¢ or not.

Let us first assume that J ¢ gq. Then there exists ¢t € R[z], t ¢ q such that tS C R[z].
In particular, R[z|; = S;. Using Lemma and a similar argument to the one we

used in the induction step, we reduce to the case S = R[z].

Lemma 2.12. Let R C S = R[z]| and q a prime in S isolated over p = qN R. Then

there exists an element s € S — q such that s, sx are integral over R.

Proof. Consider the fiber ring Sy, which is finitely generated as an x(p)-algebra by
the image of x. Denote by g the image of q in Sj;. Since q is isolated, the ring
S}y cannot be a polynomial ring. Hence we have a monic equation for z € Sp,
with coefficients in x(p). By multiplying with denominators we get an expression
a,x" + ...+ ag € pR[x] with a, ¢ p. Since pR[x] = p[x], we obtain an equation
bax®+. . .4+by = 0 with coefficients in R and b; ¢ p for some i. Note that byx is integral
over R. If by ¢ q then the statement follows. Otherwise, set b, ; = bgx +bg_1, which

is integral over R. Furthermore, we have
/d_l.Td_l + bd,2$d_2 + ...+ bl.’L' -+ bo =0

and hence V), ,z is integral over R. If by ¢ p then b, ; ¢ q and we are done.

Otherwise, set b);_, = bj;_;z + bs_2 and proceed inductively. O
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Finally, assume that q contains J. The goal is to obtain a contradiction to the
assumption that q isolated over p. Choose a prime n with J Cn C q and such that
n is minimal with this property. Write m = n N R. We proceed now in two steps:
first, we show that the element x of S/n must be transcendental over R/m. Second,
we prove that = being transcendental implies that no prime of S/n can be isolated
over its image in R/n N R. Since n C ¢, this finishes the proof.

For technical reasons, we may replace R by R', the integral closure of R in S. This
follows from Remark as any prime of S/n isolated over its image in R/m is
isolated over its image in R'/n N R’. Therefore we can assume that R is integrally
closed in S.
For the first part, write U = R — m. Observe that it is sufficient to prove that z
(as an element of U~1S/nU~1S9) is transcendental over Ry, /mR,. Furthermore, we
have

U'J=UYR[x]:S)=(U'R[z]: U"'S)
and U~'n is minimal over U~'J. By Lemma([B.1, U~ R is integrally closed in U~'S.
Hence we can assume that R is local with maximal ideal m.
Suppose that x € S/n is algebraic over R/m. Let f(X) € R[X] be a monic poly-
nomial with f(z) € n. By Lemma there exists u € S, u ¢ n and d > 0 with
uf(z)? € J. Applying the following lemma finishes the first step (this is also the

reason why we needed the additional condition that R is integrally closed).

Lemma 2.13. Let RC S be a ring extension such that S is integral over R[x]
for some x. Set J = (R[x] : S). Assume that there exists a monic polynomial
f(X) € R[X] and an element w € S such that uf(x) € J. Then u € J.

Proof. We prove the statement by induction on deg(f). If deg(f) = 0, then f =1
and we are done. So suppose deg(f) > 0. Let s be any element of S. By assumption,
there exists a polynomial g(X) € R[X] such that suf(z) = g(z). Since f(X) is
monic, we can divide g(X) by f(X) and obtain g(X) = h(X)f(X) — ¢'(X) with
deg(g’) < deg(f). Write t = su— h(x), then t is an element of S with ¢ f(z) = ¢'(z).
This gives us an integral equation for z as an element of S; over R[t™!]. Since ¢ is
integral over R[z] we obtain an integral equation for ¢ over R[¢t~!]. Multiplying by
a suitable power of ¢ yields an integral equation for ¢ over R. But then, since R is

integrally closed in S, we have ¢ € R and hence su € R[z]. Therefore u € J. O

As for the second and last step, it is sufficient to prove the next lemma.

Lemma 2.14. Let A C B be a extension of domains such that B is integral over

Alzx], with x transcendental over A. Then no prime of B is isolated in its fiber.

Proof. By assumption the ring A[z] is a polynomial ring over A. Hence, if p is a
prime of A, we have pA[z| and (p, x)A[x] which are both primes of A[x] lying over

p. Now assume that A is normal, which implies that A[z] is normal as well. Since
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Alz] C B is an integral extension it satisfies both the Going-Up and the Going-Down
property. Therefore, a chain of primes in A[z] can be extended to a chain of primes
in B in any direction. So if q is a prime of B lying over p C A, then q lies over pA|z]
or (p,z)A[z]. Either way, we see that q is not isolated over p.

In the general case where A is not normal, replace A and B by their respective
integral closure A’ and B’. Then =z is still transcendental over A" and A'[z] C B’
finite. Now take a prime q of B and write p = qN A. Since B C B’ is integral we can
find a prime ¢’ of B’ lying over q. By the above, ¢’ is not isolated over p’ = ¢q' N A’
and hence not isolated over p as well. Without loss of generality, assume n’ C ¢
with n’ lying over p. Setting n = n’ N B we get n C q and, again since B C B’ is

integral, the inclusion is strict. So g is not isolated over p. U
This finishes the proof of Theorem [2.10]

Remark 2.15. We want to give a geometric interpretation of the conductor ideal J
appearing in the proof. Namely, let X = Spec(R) be a integral affine scheme and
suppose the integral closure R’ of R is finite over R. Let Z be the closed subset
defined by the conductor (R : R'). Then Z consists of those points which are not
normal, or equivalently, all points of X fundamental for X --» X = Spec(R').
Compare with [Zar43, Corollary 4, p.512].

2.3. CONSEQUENCES AND GROTHENDIECK’S VERSION OF ZARISKI’S MAIN
THEOREM

First, let us see that Peskine’s theorem immediately implies Lemma [1.24] Let
R C S be aring extension of finite type with R normal and Quot(R) = Quot(S) and
assume that q is a prime of S isolated over p = gN S. Since R is integrally closed
in S, there exists at € R, t ¢ q with R, = S;. But then, in particular R, = 5; and
we are done.

The following two results are consequences of Theorem [2.§] and more geometric in
nature (see [Ray70, p.42]):

Corollary 2.16. Let R— S be a ring map of finite type. Then the set of all primes
of S isolated in their fiber form an open subset of Spec(S).

Proof. Let q be a prime of S isolated over p = qNR. By Theorem 2.8/and Remark[2.9]
there exists a finite R-algebra C' and an element ¢t € C, t ¢ q such that C; = S,.
Since every prime of C'is isolated in its fiber over R, we obtain the same statement
for C; and hence for S; as well. Hence the principal open D(t) = Spec(S;) is a
neighborhood of g and contains only primes which are isolated in their fiber. This

proves the claim. O

Corollary 2.17. Let R— S be a ring map of finite type such that every prime of S is
isolated in its fiber. Then there exists a factorization R— C — S with C' finite over
R and such that the induced morphism Spec(S) — Spec(C) is an open immersion.
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Proof. By assumption, for every prime q of S we can find find a pair (C,t) with C
a finite R-subalgebra of S, t an element of C' with ¢ ¢ g and such that C; = S;.
In particular, we obtain an open covering of Spec(S) by the sets Spec(S;) and
since every affine scheme is quasi-compact there exists a finite subcovering given by
(C1,t1), ..., (Cp ). Write C for the R-subalgebra generated by the C;. Note that
C' is finitely generated as an R-subalgebra and hence finite over R. Furthermore, we
have that Cy, = Sy, for all i. Therefore Spec(S) — Spec(C') is an open immersion. [

Remark 2.18. Let f : X =Y be a quasi-finite morphism between affine schemes.
Then Corollary says that there exists an affine scheme Y’ and a diagram

d y
NS
Y/

with f’ an open immersion and u a finite morphism. In other words, every quasi-

X/

finite morphism between affine schemes is obtained by restricting a finite morphism

to an open subset.

As the next step we want to generalize Corollary to arbitrary, not necessarily
affine, schemes:

Corollary 2.19. Let f : X =Y be a morphism locally of finite type between schemes
X, Y. Then the set of all x € X such that f is quasi-finite at x is open in X.

Proof. Let z € X be an isolated point of f~1(f(z)). We have to show that there
exists an open neighborhood U of z such that f is quasi-finite at every ' € U.
By Lemma there exist U = Spec(S)C X, V' = Spec(R) CY open affines with
f(U)CV and x € U such that the prime q C S corresponding to z is isolated in its
fibre with respect to R—S. Now use Corollary to see that the set of all points
a2’ € U such that f is quasi-finite at 2’ is open in U and hence in X as well. 0

It turns out that it is much harder to extend the statement of Corollary in
the same way. In fact, additional techniques are needed in order to deduce such a
statement from Theorem The desired result was proven by Grothendieck and
is stated in various levels of generality in EGAIII and EGAIV. The first version can
be found in [Gro61, (4.4.3)] and says the following:

Theorem 2.20. Let Y be a Noetherian scheme and f : X —Y a quasi-projective
morphism. Denote by X' the set of all x € X such that f is quasi-finite at x. Then

X' is open and isomorphic to an open subset of a scheme Y’ which is finite over Y.

Grothendieck’s proof uses completely different methods from those used in the
original proof of Zariski. The main ingredient is the Theorem on Formal Functions,
see [Har77, 111.11] or [Gro61l §4], which is a result on the cohomologies of sheaves.
In [Gro66l, (8.12.6)] Grothendieck gave the following, more general version:
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Theorem 2.21. Let Y be a quasi-separated, quasi-compact scheme and f: X —Y

a quasi-finite, separated morphism locally of finite presentation. Then there exists a

d Y
NS
Y/

with ' an open immersion and u a finite morphism.

factorization

X/

The proof is different from both Theorem [2.8 and Theorem [2.20] avoiding the
machinery of cohomology entirely. Instead, it uses similar arguments to the proof
of Theorem [3.16]

Finally, the statement of Theorem [2.21] was generalized in [Gro67, (18.12.13)] to the
case where f need not be locally of finite presentation. This last step uses étale
localization, see [Gro67, (18.12.1)].
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3. Zariski’s power series version: Formal normality

In this chapter we shall present the power series version of Zariski’s Main Theo-
rem, which roughly states that, for a normal point x of an algebraic variety X over
a perfect field k, the completion of the local ring O, is a normal local ring (so in
particular a domain). This theorem was proven by Oscar Zariski in the course of
various papers: First, he proved that the completion of Ox, is a domain in [Zar4§].
In [Zar49] he used this result to prove the original Main theorem. Finally, the the-
orem in the above form was first proven in [Zar50]. A summary of all results and
arguments can be found in [ZS60), Chapter VIII, §13].

Zariski also asked the question whether it is true that, for every normal local Noe-
therian ring R, the completion R is normal. This question was answered in the
negative by Nagata: he published two counterexamples, the first in [Nag55] and the
second in [Nagh8|. It turns out that the problem is closely related to the question if,
for a domain A with quotient field K and a finite field extension L/K, the integral
closure of A in L is finite over A. By turning this property into an assumption, Na-
gata then generalized the Power series version to a bigger class of rings in [Nag62),
Chapter V.37]. The proof there is more or less exactly the same as in [ZS60] and
we will reproduce it here.

In this chapter we will tacitly assume from the beginning that all rings which appear
are Noetherian. This was the original situation in all the cited sources and ensures
that taking completions is well-behaved.

Note that for any regular local ring R, its completion Ris easily seen to be regular
again: choose a minimal generating set for the maximal ideal m of R, then the chosen
elements will generate mR which is the maximal ideal of R. Since dim(R) = dim(R)
our assertion follows. In particular, the completion of a regular local ring is a normal
domain. The main idea behind the proof of Theorem is reducing to the case of

a regular ring via a strong normalization-type result.

3.1. FORMALLY UNRAMIFIED LOCAL RINGS AND THE NAGATA PROPERTY

In some results and proofs we will consider finite extensions of local rings, which
in general will not be local anymore. However, by the Going-Up theorem, any such
extension will only have finitely many maximal ideals. Rings with finitely many
maximal ideals are called semi-local. Recall that the Jacobson radical is defined
to be the intersection of all maximal ideals of a ring. We will write (R, m) for a
semi-local ring R with Jacobson radical m. Note that this notation is consistent
with that of local rings.

For a semi-local ring (R, m) consider the completion R with respect to the ideal m.

The next result tells us that R is just a direct sum of completions of local rings.
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Lemma 3.1. Let (R, m) be a semi-local ring and let R be the m-adic completion of
R. Denote by my,...,m, the maximal ideals of R. Then R= I, }3%, where ﬁz 1S
the completion of the local ring (Ry,, m;).

Proof. See [Nag62, Theorem 17.7]. d

Finite extensions behave very well under completion, as the following lemma

shows.

Lemma 3.2. Let (R,m) be a semi-local ring and RC S a finite ring extension.
Then S is again semi-local. If§ 1s the completion of S with respect to its Jacobson

radical then we have S = S QR R and R is a topological subspace of S.

Proof. Each maximal ideal of S necessarily lies over a maximal ideal of R and since
S is finite over R, there can only be finitely many primes of .S lying over a particular
prime of R. Hence S is semi-local. For the second assertion see [Nag62, Theorem
17.8]. O

Corollary 3.3. Let (R,m) be a semi-local domain and RCS a finite extension
of domains such that Quot(R) = Quot(S). Assume R is a subring of S. Then
Frac(fi) = Frac(g). In particular, each minimal prime of S is of the form ¢S,

where q s a minimal prime of R.

Proof. Let s1,...,s; € Quot(R) be generators for S as an R-module and denote by
r € Rthe product of the denominators of the s;. By Lemmawe have S = > Rsl
Let us prove that each x € R which is not a zero divisor in R is also not one in S.
Assume that there exists y € S such that xy = 0. Then, since ry € R, we have that
ry = 0. But, since S is faithfully flat over S , the element 7 is not a zero divisor in
S, so y = 0. Therefore, there exists an injective ring map Frac(R) — Frac(S) which
is also surjective since each s; € Frac(ﬁ).

If q1,...,q, denote the minimal primes of R, then Frac(R) = Ry, x ... x Ry, and

each minimal prime of S is the preimage of Ry x...xq;x...x R, forsomei. O

Lemma 3.4. Let (R, m),(S,n) be semi-local rings and let R— S be a local ring
map. If S/mS is finite over R/m then S is finite over R.

Proof. Let sq,...,s, be elements of S such that their residue classes generate S/mS.
We prove the following: let n > 0, then for every z € m™S we can find elements
ai,...,a, € m" such that x — >, a;s; € m"*1S. The case n = 0 follows by assump-
tion. Now assume the statement has been proven for n — 1 and let x € m™S. Then
we can write x = ). ajx; with a; € m and 2 € m"~'S. By induction, we find aj;
such that 2/ — >~ af;s; € m™S. Hence v — 37, > djaj;s; € m"*1S and we are done.
We have just shown that the associated graded ring gr(.S) is finitely generated over
gr(R). Note that gr(R) ~ gr(R) and gr(S) ~ gr(S) (see [AM94, Proposition 10.22]).



28

Since S is Noetherian and the induced ring map R—Sis local, Krull’s intersection
theorem yields

ﬂm”§C ﬂ(m@)” C ﬂ n"S = (0).
Hence we can apply [AM94, Proposition 10.24] to get the statement. U

We say that a domain R is Japanese if, for every finite extension L of Quot(R),
the integral closure of R in L is a finite R-module. Note that, since taking integral
closure and localization commutes (see Lemma , any localization of a Japanese
domain is again Japanese.

A ring R is called Nagata if it is Noetherian and R/p is Japanese for every prime p
of R. If R is a Nagata ring, then the following rings are again Nagata:

e Any ¢(R), where ¢ : R— S is a ring homomorphism. Note that ¢(R) = R/I
for some ideal I C R.

e Any localization U'R, where U C R is a multiplicative subset. This follows
from the fact that every localization of a Japanese domain is Japanese..

e Any R-algebra S which is finite over R. If q is any prime of S and p = qN R,
then R = R/p— S/q = S’ is finite with Quot(R') C Quot(S’) a finite field
extension. Hence the integral closure of S’ in some L is the same as the

integral closure of R in L.

Now apply these notions to schemes: We say that an integral scheme X is Japanese
if for every point x € X there exists an affine open neighborhood U = Spec(R) of
x with R a Japanese domain. A scheme X is called Nagata if for every point z we
can find an affine open neighborhood U = Spec(R) of x with R a Nagata ring. By
definition, a Nagata scheme is locally Noetherian. For the normalization X = X we

get the following result:

Lemma 3.5. Let X be a scheme.

(1) If X is integral and Japanese then the normalization XX isa finite mor-
phism.
(2) If X is Nagata (not necessarily integral) then X — X is finite.

Let (R, m) be any semi-local ring, then we say that R is formally unramified if
the completion R is a reduced ring. If p is any prime of R, we say that p is formally
unramified if the quotient R/p is formally unramified. Note that, if R is formally
unramified, then in particular R itself is reduced. Moreover, applying Lemma |3.1

to a semi-normal ring gives us the following easy corollary.

Corollary 3.6. Let (R, m) be a semi-local Ting and denote by my, ..., m, its mazimal
tdeals. Then R is formally unramified if and only if each local ring Ry, is formally
unramified.

For the next theorem we need the following short lemma.
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Lemma 3.7. Let R be a domain and let p be a prime of R with R, a discrete
valuation ring. Let RCS be a flat ring extension and assume that pS is radical.

Then, for every minimal prime q of pS, the local ring Sy is a discrete valuation ring.

Proof. Take t € p a generator for pRR,. We have tS; = pS; = q5;, where the last
equality holds because q appears in the primary decomposition of pS. Since R is a

domain and S is flat over R, we have that ¢ is not a zero divisor in S and so not in
Sy as well. Hence dim(S;) > 0 and by Proposition we are done. O

The following result was, in the case of R being a local ring of an algebraic variety,
originally conjectured by Zariski and first proven by Chevalley in [Che45]. The more

general version presented here was taken from [Nag62].

Theorem 3.8 (Chevalley). Let (R, m) be a semi-local Nagata domain. Then R is

formally unramified.

Proof. Denote by R’ the integral closure of R, then R’ is finite over R by assumption.
Using Lemma we see that R’ is a semi-local Nagata domain whose completion
contains ﬁ, so it is sufficient to prove that R’ is formally unramified. Hence we can
assume R is normal.

We will prove the statement by induction on n = dim R. If n = 0, then R is a field
and the assertion is trivial. Assume that n > 1. Take any element z # 0 of m and
denote by p; the associated primes of zR. Since R is normal we have ht(p;) = 1 and
Ry, is a DVR. Using induction we see that pi}Af is radical. Then, if we denote by p;;
the associated primes of pzﬁ, Lemma says that ﬁpw is a DVR as well. Note that
flatness of the completion implies that tR = () pi;- Denote by q;; the kernel of the
canonical map R— Epij; then q;; is a minimal prime of R which is contained in Pij
and with x ¢ q;;. Write q for the intersection of all g,;; it is clear that q contains
the nilradical of R. Since q is contained in any p;;-primary ideal it is is contained

in xR. Furthermore, we have

(q:2) = (ﬂ%:x) :ﬂ(%’ :z):ﬂqij:qa

so we get xq = q. Applying Nakayama’s lemma yields ¢ = 0 and hence R has no

nilpotent elements. [l

Note that there is a kind of converse to Chevalley’s theorem: if R is semi-local

and formally unramified, then the integral closure of R in Frac(R) is finite over R.
This follows from the fact that a complete local ring is Nagata, which itself can
be proven by using Cohen’s structure theorem to reduce to the case of a regular
complete local ring.
Chevalley’s theorem is used in the proof of the following result, which we will provide
for completeness’ sake. We omit the proof here since it is rather involved and not
needed in order to prove the main theorem of this chapter. See [Nag62, Theorem
(36.5)] for more details.



30

Theorem 3.9. Let R be a Nagata ring, then every ring S of finite type over R is

Nagata again.

3.2. FORMAL IRREDUCIBILITY AND NORMALITY

We call a local ring (R, m) formally irreducible if its completion R is a domain
and formally normal if R is in addition normal. As before, we say that a prime p of
R is formally irreducible resp. formally normal if this holds for the local ring R/p.
The first result of this section is one of the key ingredients in the proof of The-
orem B.I6l The element of d in the statement is sometimes called an universal

denominator. Compare with Zariski’s “Condition D”

Lemma 3.10. Let R be an integrally closed domain and S = R[X]/(f(X)), with
f(X) € R[X] monic. Let d € R be the discriminant of f(X). If S’ is the integral
closure of S in ) = Frac(S) then dS'C S.

Proof. If d = 0 then we are done, so assume d # 0. Denote by x the residue class of X
in S. Write K = Quot(R), then clearly K is contained in @) and we have Q = K|x].
Let L be a splitting field of f(X) over K and denote by ay, ..., a,, the roots of f(X)
in L. For each i we get an inclusion K[X]/f(X) < L via x + a;, which extends
to an inclusion ¢; : Q < L. Let b € S’, then there exist yo, ..., y,_1 € K such that
b= Z?:_Ol y;z’, hence ¢;(b) = y;al. Written differently, we get

]_ aq e a’f‘l U1 ¢1(b)
1 ay ... a5 Ya | $2(b)
1 ap ... av! Yn Gm(b)

with the matrix A = (a/) a Vandermonde matrix. Hence the determinant of A is
given by D = [],_,(ax — a;) and we have D? = d. Note that all a;, ¢;(b) are integral
over 2. By multiplying the equation with the adjoint matrix we see that dy; is
integral over R. But dy; is in K, so, since R is integrally closed, we have dy; € R

and hence db € S. O

Corollary 3.11. Let R be an integrally closed domain and L be a finite separable
extension of K = Quot(R). Then the integral closure R' of R in L is finite over R.

Proof. By the primitive element theorem write L = K(a') for some «' € L. The
element o’ satisfies a monic equation over K, hence there exists a b € R such that
a = ba’ satisfies a monic equation over R. Then L = K(a) and R’ is the integral
closure of R[a]. Let d € R be the discriminant of the minimal polynomial of a
over R. By assumption d # 0. Using Lemma we have dR' C Rlal], so R is a
submodule of the finite module Z?_l %R, where n is the degree of L over K. Since
R is Noetherian, this implies that R’ is finite over R. U
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Let us now consider an application of these results to the case of polynomial rings

over Japanese domains.

Theorem 3.12. Let R be a Japanese domain and let xy,...,x,, be elements which

are algebraically independent over R. Then R[z] = R[4, ..., 2y,) is again Japanese.

Proof. Write k = Quot(R), K = Quot(R[z]) and let L be a finite field extension of
K. We prove the result in three steps:

Step 1: By assumption, the integral closure R’ of R (in k) is finite over R. Hence
R'[z] is finite over R[x] and the integral closure of R'[z] in L coincides with that
of R[x]. Therefore we may assume that R is integrally closed. In particular, by
Corollary [3.11], we obtain the result in the case where L is separable over K.

Step 2: Now assume that L is inseparable over K. We prove that we can take L
to be purely inseparable over K. First, note that we may always replace L by a
finite extension L': if the integral closure of R[z] in L’ is finite, then the integral
closure of R[z] in L is a submodule of the former and hence finite as well, since
R]x] is Noetherian. Thus we replace L by the normal closure L’ of the extension
L/K. Consider the subfield F' of L which consists of all elements fixed by the K-
automorphisms of L. Then F'/K is purely inseparable and L/F is Galois. By the
transitivity of integral extension, it is enough to prove that the integral closure of
R in F' is finite.

Step 3: Finally, assume that L is finite purely inseparable over K. Then there
exists a power ¢ of the characteristic p of K such that L is obtained by adjoining
finitely many g¢-th roots of elements f; € R[z] to K. Let aj,...,a, € R be all the
coefficients of the elements f; and set k' = k(ai/ < a) ), which is finite over k.
Replace L with the finite field extension L' = K(2}/%, ..., z/%). Write R for the

al’®, ... a'" (inside its quotient field k). By assumption R’ is

finite over R, hence R’ [x}/ “ ..., 2% is finite over R[z]. Observe that the elements

xg/ ? are algebraically independent over R’. Hence R/ [xi/ <om 9 is normal; in

integral closure of R|

particular, it is the integral closure of R[z| in L' and we are done. O

Remark 3.13. Note that Theorem [3.12] in particular implies that any domain A
finitely generated over a field k is Japanese. Namely, by Noether normalization, A

is finite over a polynomial ring k[z1,...,z,], which is Japanese by the above.

Before we come to the proof of the power series version, we need the following

two results.

Lemma 3.14. Let (R,m) be a normal semi-local domain and denote by R its com-
pletion. Lett € R be nonzero and not a unit and assume that, for every associated
prime p of tR, the extension p}/% 1s radical. If z € Frac(ﬁ) 15 integral over R and
such that tz € R then z € R.

Proof. Denote by pq, ..., p, the associated primes of tR. Since R is normal, each p;
is of height 1 and R,, is a DVR. Set S = (),(R—p;), then Rg = S™'R is a semi-local
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Dedekind domain with maximal ideals given by the images of the p;. Note that
a semi-local Dedekind domain is already a PID and hence all p; Rg are principal;
choose for example for each ¢ an element ¢; € p; with #; ¢ (), p;, then ¢; generates
p;Rs. In particular, each p;-primary ideal is generated by a power of ¢;, so write
tRg = 13" ... 1> Rg. Note that &' ...t € tR, since tR = (), p'*, where p!*”
denotes the a;-th symbolic power of p;.

Let z € Frac(ﬁ) be integral over ﬁ, then we claim it is enough to show that there
exists s € S such that stz € t]*. to‘rfi Then stz € tR. By the definition of S the
element s is not a zero divisor in R/tR, so by flatness also not in R/tR. Hence tz
must be zero modulo tR so we can write tz = 2’ for some z € R. Since ¢ is not a
zero divisor in R we have z = 2/ in FraC(R) and we are done.

Consider the following set
{61y, &) €Z5| Fs € S stz € 5 .tffﬁ}

and take a maximal element (51, ..., 5,) with respect to the degree partial ordering
on Z%,. Tt is sufficient to prove that 8; > «; for all 7. Assume without loss of
generality that 01 < ay. Let s € Syy € R with stz = tfl...tf"y. Denote by
qi,- - -, qm the associated primes of plﬁ. Then, by Lemma , each Eq]. is a DVR;
let w; be its associated valuation with w;(¢;) = 1 and write ¢, for the canonical
ring map Frac(R) —>Quot(fiqj). Since z is integral over R the element ¢;(2) is
integral over ﬁqj. But the latter is a DVR, hence in particular integrally closed, so
¢i(2) € }A%qj and w;(¢;(z)) > 0. Therefore we obtain the inequality

B+ w;(¢(y) = wi(d; (8" .. t2y)) = w;(d;(stz)) > wi(d;(t) = wy(t7) = o

and, by using our assumption 5; < aq, we see that w;(¢;(y)) > 1 and hence ¢;(y) €
qjﬁqj. But this implies that y € q; for all 5. Since plfA% is radical it is the intersection
of its associated primes and we see that y € plﬁ. Localizing R with respect to S
gives us y € plﬁg = tlﬁs, so there exists s’ € S such that s’y € tlﬁ. Set s" =

ss’ € S, then s"tz € tf N .tf"ﬁ, which gives a contradiction to the maximality of

(517"'7ﬁr)- 0

Lemma 3.15. Let (R, m) be a normal local domain and assume that R is formally
normal. Let L be a finite separable extension of K = Quot(R) and denote by S the
integral closure of R in L. Assume furthermore that every prime q C S with ht(q) = 1
s formally unramified. Then the completion S of S is reduced and integrally closed

(in its total ring of fractions).

Proof. Using the same arguments as in the proof of Corollary we may assume
that there exists an element a € L such that L = K(a), S is the integral closure of
Rla] (in L = Quot(R]a])) and S is finite over R. Now apply Lemma [3.2| and [3.3| to
get that Rla] is a subring of S such that Frac(R[a]) = Frac(S). Let (S) denote the

integral closure of S inside its total ring of fractions and d be the discriminant of the
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monic irreducible polynomial over R which has a as a root. Then by Lemma [3.10

-~

we have d(5) C R[a]. Apply Lemma m to see that S = (S)’. In order to see that
S is reduced, let s € S be a nilpotent element. By faithful flatness, every nonzero
z € S is not a zero divisor in S, so 2 is an element of Frac(§ ) which is integral over
S. Hence s € x5 for every x € S,z # 0. In particular, s is contained in arbitrarily

high powers of the Jacobson radical of S. By Krull’s intersection theorem, we have
s = 0. U

Now we come to the proof of the power series version of Zariski’s Main Theorem,
which we will prove for local rings essentially of finite type either over field or over a
Nagata Dedekind domain. Note that for any domain of dimension 1, being Nagata
is equivalent to Japanese. Hence, by Corollary [3.11], every Dedekind domain of
characteristic 0 is Nagata, for example Z.

Theorem 3.16 (Power series version). Let A be either a field or a Nagata Dedekind
domain and (R,m) a local domain containing A such that R is essentially of finite

type over A. If R is normal then R is formally normal.

Proof. We will only prove the theorem in the case where Quot(A) C Quot(R) is sep-
arable. For the inseparable case, we would need an additional argument at the end
of the proof, see [Nag62), p.139].

For the proof of the theorem we need to show that the hypothesis of Lemma [3.15
holds, namely that any local ring essentially of finite type over A is formally unrami-
fied. For this we could use Theorem in combination with Theorem however,
since we skipped the proof of the latter, we provide another proof in our special
case. In fact, we will prove the following slightly stronger statement:

If (R,m) is a local domain essentially of finite type over A, then R is formally un-
ramified and the integral closure R of R is finite over R. If in addition R is normal,
then R 1s formally normal.

As a first step we show that we can assume that A is a field or a DVR with maxi-
mal ideal n such that the extension of residue fields A/n C R/m is algebraic. Write
n = mnN A, then A, is either a field or a DVR and Nagata again. Hence we can
assume A = A,. Let ay,...,a, be elements of R such that their images in R/m
form a transcendence basis over A/n. We want to prove that the z; are algebraically
independent over A. Let P(aq,...,a,) = 0 be a polynomial relation with coefficients
in A. Modulo m all the coefficients of P have to be zero, so they must be elements
of n. If A is a field then we are done, so consider the case where A is a DVR. Then
n is principal, for example n = (), so we can write every coefficient as a product of
a unit and a power of ¢. If one of the coefficients of P is nonzero, then divide P = 0
by suitable power of ¢ to obtain a polynomial relation ﬁ(al, ...,a,;) = 0 with one
coefficient not in n, which gives a contradiction. Hence aq,...,a, are algebraic over
A. Consider the ring B = A(ay, ..., a,). If A was a field, then B is again a field and
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R/m is algebraic over B. If A is a DVR, then B is again a DVR and what is left
to prove is that B is Nagata. Note that it is sufficient to show that B is Japanese,
which follows from Corollary [3.12] Finally, since Quot(B) is an intermediate field
of Quot(A) C Quot(R), the field extension Quot(B) C Quot(R) is separable and we
can assume A = B.

Let us prove the statement by induction on the dimension of R. If dim(R) = 0,
then R is a field and the assertion is trivial. Otherwise let z1,...,x,, be a system
of parameters of R, i.e. xy,...,x,, generate an m-primary ideal of R and they are
minimal with this property. By the definition of the x; we have that m = dim(R).
If Ais a DVR, we can assume without loss of generality that ;7 € n. Note that

there exists a chain of primes
(0)C1CgeC...qn=m

such that z; € q; only if j <. Write Alz] = Afzy,..., 2] and set A" = Afz] ),
where (z) = (x1,...,2,) is a maximal ideal of A[z]; note that if A is a DVR, the
ideal n is contained in (x). Intersecting the above chain with A’ yields that A’ has
at least dimension m. But the maximal ideal of A’ is generated by x4, ..., x,,, so A’
is a regular local ring of dimension m. Since A is either a field or a DVR and hence
universally catenary we have that A’ is universally catenary again. Hence, we can
use the dimension formula for A'C R
dim(R) + trdeg 4, R/m = dim(A[x]) + trdegq,e(ar) Quot(R)

and we obtain that Quot(A’) C Quot(R) is a finite extension. Note that, by Corol-
lary again, the ring A’ is Japanese. Write L = Quot(R) and consider the
integral closure C' of A" in L which is semi-local and finite over A’. Since A’ is
regular local, its completion is regular again and hence in particular normal. By our
induction assumption and Corollary , every quotient C'/q, with q a nonzero prime
of C, is formally unramified. Hence the hypotheses of Lemma [3.15] are fulfilled and
we get that C is reduced and integrally closed in its total ring of fractions. Write
R’ for the subring of L generated by R and C. Since C' is finite over A" we have
that R’ is finite over R and hence semi-local. Let m’ be any maximal ideal of R/,
then ¢ = m’ N C is a maximal ideal of C' and Cj is formally normal. If we show
that R}, = C, then it follows that R’ is normal and formally normal. Hence R is
formally unramified and R’ is the integral closure of R (and finite over R). If R is
normal then R = R’ and we have proven our assertion.

So for the final step, let us prove that R, = C,;. Since Cy— R], is local we get
a local ring map between the completions ¢ : 6’;—>§:; Moreover, since R/(z) is
finite over A/n the same holds for R'/qR’ over C'/q. So by Lemma we get that
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E"n\, is finite over qﬁ(@) Hence we have the equality
dim(Cy) = dim(C,) = dim(R,,) = dim(R’,) = dim(¢(Cy)).

Since é\q is a domain, it follows from the above equality that ¢ is injective. Hence }/%]’n\,
and in particular Ry, are integral over C;. Observe that, since L is finite separable
over Quot(A’), we have that Quot(C) = L. To finish the proof, it is sufficient to

prove the next lemma. O

Lemma 3.17. Let R be a domain and S a faithfully flat extension of R. Then
x € Quot(R) is integral over R if and only if t ® 1 € Quot(R) ®g S is integral over
S.

Proof. Let z ® 1 be integral over S, which means that there exist sg,...,s5.1 € S
such that

14+ ' @si0+...+1Rs=0
Write * = § with a,0 € R. By multiplying the equation with b?, and since
S — Quot(R) ® S is injective, we get

a4+ a¥thsy 1+ ...+ b =0

in S. Hence a? lies in the ideal (a®'b,a%"2b?,...,0%)S. Since S is faithfully flat
over R we have (a®'b,... ,b1)S N R = (a®',...,bY)R (see [Mat89, Theorem 7.5]

for example) and hence we obtain an integral equation for a over R. U

The following is an immediate consequence of the theorem. It states roughly that

“normalization separates formal branches”.

Corollary 3.18. Let (R,m) be a local domain essentially of finite type over A, where
A is either a field or a Nagata Dedekind domain. Let R’ be the integral closure of
R. Then the set of maximal ideals of R’ is in bijection to the set of minimal primes

of R.

Proof. From the proof of Theorem we see that R’ is finite over R. So R’ is in
particular semi-local; denote its maximal ideals by m/,... , m/. Lemma and
show that R is a subring of R~ }/B::,l X ... X }/ﬂ; By Theorem |3.16| each f%; is a
normal domain. Using Corollary we see that

~

m s (R, x xﬁ\x(o)xﬁ\x x R)NR
7 mll .. m;(il m;+1 DY m’/r

yields the desired bijection. O
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4. Conclusion: An extended version of ZMT

In this last chapter we want to put together previous results in order to prove
a geometric characterization of normal points. The main ideas and arguments are
taken from unpublished lectures notes by David Mumford and Tadao Oda, which
can be found at http://www.dam.brown.edu/people/mumford/alg_geom/papers/
AGIT.pdf!

4.1. A CHARACTERIZATION OF NORMAL POINTS

First, fix the category for which we will prove the statement: let A be either a
field or a Nagata Dedekind domain and set S = Spec(A). Every scheme that will be
considered is assumed to be integral and of finite type over S. In particular, every

scheme will be Noetherian. These are the minimum assumptions such that we can

use both Theorem [1.23] and B.16

Theorem 4.1 (Extended ZMT). Let X be a scheme as above and let x € X be a

point. The following are equivalent:

(1) X is normal at x.

(2) X is formally normal at x.

(3) For every scheme X' and every birational morphism f : X' — X such that x
is fundamental for X --+ X', every component of the fiber f~1(x) is positive

dimensional.

Proof. Let m,,m, be the maximal ideals of the local rings Ox , and Ox ..

(1) = (2): This is the power series version, Theorem [3.16]

(2) = (1): Suppose @\x is a normal domain. The local ring Ox, is a subring
of 5; and observe that, by faithful flatness, we have 6; N Quot(Ox ) = Ox .
Hence Ox . is a normal domain.

(1) => (3): This is the original version, Theorem [1.23]

(3) => (1): Consider the normalization X — X. By our assumptions, this is a finite
and birational morphism, in particular it has finite fibers. Hence x is regular for f’
with image = € X , which implies that Ox , ~ O)?,f:'

(2) = (3): We will give here an additional proof without using Theorem [1.23]
following an idea in [Mum99, p.212]. Let f : X’ — X be birational, 2’ a point of
X’ with f(2') = = and assume that 2’ is isolated in its fiber. We have to show
that the local ring map ¢ : Ox, — Ox/ s is an isomorphism. Denote by  be the
induced map on the completions. Note that by assumption Ox ,//m,Ox . is finite
over k(z). We can repeat the argument at the end of the proof of Theorem m
Lemma yields that @z\x/ is finite over @(6);) Note that Ox, is universally


http://www.dam.brown.edu/people/mumford/alg_geom/papers/AGII.pdf
http://www.dam.brown.edu/people/mumford/alg_geom/papers/AGII.pdf
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catenary and hence the dimension formula yields

dim(Ox o) + trdeg, ) r(2') = dim(Ox ) + trdegg x) K(X').

—_——— -~
=0 =0

Therefore we have dim((?;) = dlm(@(@\x)) But 6; is a domain, so @ is

injective. Then using Lemma finishes the proof. O

A straightforward application of Corollary yields the following result.

Theorem 4.2. Let X be scheme as above and let x € X be a point. The following

are equivalent:

(1) X is formally irreducible at x.
(2) X is unibranch at x, i.e., the preimage of x under the normalization 7 :
X—>Xisa single point.
Moreover, any of the equivalent conditions of Theorem implies the above prop-

erties.

Proof. Choose an affine open U = Spec(R) of X which contains z. Denote by U’
the preimage of U under 7; then U’ = Spec(R') with R’ the integral closure of R.
Write p for the prime of R corresponding to x and 7' = R — p. Lemma says
that T-'R’ is the integral closure of R,. Note that the maximal ideals of T~'R’ are
just the primes of R’ lying over R. Hence, applying Lemma yields a bijection
between the set of irreducible components of Spec(@) and 71 (z).

For the last part, a formally normal domain is by definition formally irreducible. [J

4.2. EXAMPLES

Let us finish this chapter by presenting three examples which will illustrate the
statements of Theorem .1 and [£.2] The first two are singular curves which serve as
(partial) counterexamples to the theorem in the non-normal case. The third one is

an isolated surface singularity which is normal.

Ezample 4.3. Let X = V(y? —z®) be the cubic cusp in A?. Then 0 € X is a singular
point of X and hence not normal. For example, the element y/x € K(X) is inte-
gral over the local ring Oy = k[z,y](zy)/(y* — 2*). Consider the parametrization
Al — X given by t — (¢2,¢%). By Remark we see that statement (3) in Theo-
rem |4.1|does not hold for A} — X. Consider the completion 6)(7\0, which is a domain.
This can be checked by a calculation. Alternatively, note that our parametrization
A} — X is the normalization of X and the preimage of 0 € X is a single point.
Hence X is unibranch at 0 and we can apply Theorem to see that X is formally
irreducible at 0. On the other hand, 6;; is not normal; for example, it does not

contain the element y/x.
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Ezample 4.4. Consider the cubic node X = V(y* — 2%*(z+ 1)) in A]. Then X is not
normal at 0; again, the element y/x is integral over Ox . As before, we consider
a parametrization f : Al — X given by t — (t* — 1,#(¢t* — 1)). The morphism f is
birational and 0 is fundamental for the rational inverse of f. But f~1(0) consists of
the two points —1,+1 € A}. In particular, statement (3) of Theorem fails. It is
easy to check that f is the normalization of X. Hence X is not unibranch at x.

We want to see explicitly that the normalization separates the formal branches of
X at x. Consider first the local ring map Ox o — (’)A}g —1- The induced ring map on

the completions is given by
1 R[[XY])/(YV?2 = XP(X + 1)) — K[[T]],
X (T—-172-1,Y = (T-1)(T-1)>-1).

We want to compute the kernel of ¢. Consider the power series F/(X) in X given
by the Taylor expansion of v/1 + X. Then, a computation shows that

P(F(X)) = @(F(T? = 2T)) =1~ T.
Hence, we have
oY + XF(X)) = (T —1)(T* = 2T) + (T* = 2T)(1 - T) = 0,

and since the ideal (Y + X F(X)) is a minimal prime of 5); we get ker(p) = (Y +
XF(X)). Observe that the other minimal prime of Ox is given by (Y — X F(X)),

and, by the same argument as above, it is the kernel of the local ring map

Hence we see that, on the level of completed local rings, the normalization of X

identifies the formal components of X at 0.

Ezample 4.5. Let X = V(2? + y? — 2?) be the double cone in A}. Tt is regular
outside the origin 0 € X. The inverse of the usual stereographic projection induces
a morphism f : A? — X, given by

(5,1) — (2st,s(1 — %), s(1 +1%)).

Algebraically, this embeds Ox into k[S,T] as the subring k[S, ST, ST?|. Hence
f is birational and an isomorphism outside of the closed subset Z = {s = 0}.
Furthermore, 0 € X is the only point fundamental for X --» A? and f~(0) = Z,
which is closed irreducible of dimension 1. So the statement of the original version
of ZMT holds for f. In fact, one can prove that X is normal at 0.
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Appendix A. General results of commutative algebra

In this section we want to recall some results from commutative algebra. Let us

start with the following version of the Hilbert’s Nullstellensatz.

Theorem A.1. Let k be a field and K D k a field extension which is finitely

generated as a k-algebra. Then K is finite over k.
The following gives a characterization of Artinian rings.

Lemma A.2. Let R be a Noetherian ring. Then the following are equivalent:
(1) R is Artinian.
(2) dim(R) = 0.
(3) Spec(R) is finite and discrete.
(4) Spec(R) is finite.
If R is finitely generated over a field k, then any of the conditions above is equivalent

to

(5) R is finite over k.

Lemma A.3 (Prime avoidance). Let R be a ring and Iy, ..., 1 be ideals of R such
that Iy, are prime for k > 2. Let JC R be any subset; if J is not contained in any
of the Iy, then J is not contained in | Ij.

Proof. Prove the statement by induction on s. The case s = 1 is trivial; use the
induction hypothesis to choose for each j an element z; in J — J, 2D It 2 ¢ I

j;izj + 2z, € J. If z € I, for some

then we are done, so assume z; € I;. Set z =[]
J < s then z, is in [}, a contradiction. Assume that z € I, then Hjj zjisin I, If
s = 2, then this gives a contradiction to the choice of z;. If s > 2 then, since I is

prime, z; € I for some j < s, which is again a contradiction. 0]

In rings which are not Noetherian, there might not exist a primary decomposition

any more. Nonetheless, we have the following result.

Lemma A.4. Let R be a ring, I an ideal of R and n a prime containing I which is
minimal with this property. Then, for every element x € n, there existst € R, t ¢ n
and d > 0 such that tz® € I.

Proof. We pass to the ring R/I and assume that I = 0. Consider the localization
R,. By assumption, the nilradical of this ring equals nR,. Therefore, the image of
x in R, is nilpotent. This in turn implies that there exist ¢ ¢ n and d > 0 such that
tz? = 0. 0

Finally, we want to introduce universally catenary rings: Let R be a ring and
p1 Cpa C...Cp, a chain of primes of R, then this chain is said to have length r.

A chain of primes of R is called saturated if there does not exist a prime of R
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contained inbetween two consecutive terms. The ring R is called catenary if for any
two primes p, p’ of R with p Cp’, there exists a saturated chain starting with p and
ending with p’ and all such chains have equal length. Notice that any localization
and any quotient of a catenary ring is again catenary.

We say that a ring R is universally catenary if R is Noetherian and all rings which
are finitely generated over R are catenary. In particular, for any finite type ring
map R— S with R universally catenary we have that S is universally catenary as
well. Almost all Noetherian rings encountered in algebraic geometry are universally
catenary; for example, by [Mat89, Theorem 17.9], we have that a Cohen-Macaulay
ring (and any quotient of it) is universally catenary. Note that a regular local ring is
Cohen-Macaulay local. In particular, a Dedekind domain and any algebra of finite
type over it are universally catenary. We will use this fact in Chapter [3] and [4]
The main property we need from universally catenary rings is the following: Let
R be a Noetherian domain and R C .S an extension of domains; we say that the
dimension formula holds between R and S if, for every prime q of S with p = qN R,
we have that

ht(q) + trdeg, ) r(q) = ht(p) + trdegqueyr) Quot(S).

The dimension formula relates to universally catenary rings as follows.

Theorem A.5. Let R be a Noetherian ring. Then R is universally catenary if and
only if for every prime p of R and every finite type ring map R/p— S with S a

domain the dimension formula holds between R/p and S.

See [Mat89, Theorem 15.6].

Appendix B. Integral closure and normal rings

We assume that the reader is familiar with the definition of integral extensions
and integral closure. Let us just fix the terminology: If R is a domain, then by
Quot(R) we denote the quotient field of R. We say that R is integrally closed if R
is integrally closed in Quot(R). The first result is that integral closure behaves well

under localization.

Lemma B.1. Let R— S be a ring map and U any multiplicatively closed subset of
R. Denote by R’ the integral closure of R in S; then U 'R’ is the integral closure
of UIR in U™LS,

Recall that a ring R is called normal if all localizations R, for p C R a prime are
integrally closed domains. Note that a normal ring is by definition reduced.
If R is any ring, we consider the multiplicatively closed set U consisting of all

elements of R which are not zero divisors. We call U~ R the total ring of fractions
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of R and denote it by Frac(R). Note the natural map R — Frac(R) is injective. If
R is a domain, then clearly Frac(R) = Quot(R).

Lemma B.2. Let R be a reduced ring. Then the following are equivalent:

(1) R is normal.
(2) R is integrally closed in Frac(R).

With the next result we want to recall the Going-Up resp. Going-Down properties:

Theorem B.3. Let RC S be an integral extension of rings. Then RC S satisfies
the following properties:
Lying Over: For every prime p of R there exists a prime q of S with
qgN R =p.
Incomparability: If q, q' are two primes of S lying over the same prime p
of R, thenq & q' and q' ¢ q.
Going-Up: Let p Cp’ be two primes of R and q a prime of S with qN R = p.
Then there exists a prime q of S containing q and such that ¢ N R =p’.
If in addition S is a domain (which implies that R is domain) and R is integrally
closed, then the following holds:
Going-Down: Let p Cp' be two two primes of R and q' a prime of S with
q N R =1yp'". Then there exists a prime q of S, contained in q', and such that
gNR=rp.

Corollary B.4. Let RC S be an extension of rings with S finite over R. Then over
each prime p of R there exist only finitely many primes of S lying over p.

All the above statements are proven in [Mat89, Ch.9].
There exist several characterizations of normal rings, for example Serre’s criterion,
which uses the ring-theoretic notion of depth. See [Mat89, Theorem 23.8] for a refer-

ence. Another result characterizes integrally closed domains which are Noetherian:

Theorem B.5. Let R be a Noetherian domain. Then R s integrally closed iff R is
a Krull ring, i.e. if the following properties hold:

(1) R= ) R,
ht(p)=1

(2) Each R, with ht(p) =1 is a discrete valuation ring.
A complete proof is contained in [Mat89, Ch. 11 and 12].

We want to add a useful lemma here. It says that in particular, every ring R which

is an intermediate ring of an algebraic field extension k C K is a field itself.

Lemma B.6. Let RC S be an extension of domains. Let x € R and assume that

x=t €8 and x7! is integral over R. Then 2! € R.
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Proof. By assumption we have an integral equation
r a7+ +ar +ap=0

with a; € R. Multiplying with 297! yields

Tt =—agq—...—a;x¥? —quz?® ' € R.

Appendix C. Schemes

We assume that the reader is familiar with the definition of an abstract scheme
and proceed by recalling the basic definitions and results needed here. Let us first
fix some notation: if X is a scheme, write Ox for the structure sheaf on X. If U
is an open subset of X, we write I'(U, Ox) for the ring of sections associated to U.
For any point = of X denote by Ox , the stalk of Ox at x and by x(x) the residue
field of Ox ;.

Let X be a scheme. We say that X is reduced if for every affine open U of X the
ring ['(U, Ox) is reduced. X is called integral if it is reduced and irreducible (more
precisely, if its underlying topological space is irreducible). It is easy to show that
if X is integral, then I'(U, Ox) is a domain for every open affine U of X. Note that
any integral scheme X has a unique generic point § € X and the stalk Ox¢ is a
field. We write K (X) = Ox¢ and call it the function field of X.

A scheme X is called locally Noetherian if, for every affine open U of X, the ring
I'(U, Oy) is Noetherian. If in addition X is quasi-compact (i.e. every open covering
of X admits a finite subcovering) we say that X is Noetherian. Note that for any
Noetherian scheme X its underlying topological space is Noetherian as well, in par-
ticular X has only finitely many irreducible components.

Let f : X —Y be a morphism of schemes. We say that f is locally of finite
type if for every affine open U of X and V of YV with f(U)CV, the ring map
I(V,0y) = T(U,Ox) is of finite type. Again, if f is in addition quasi-compact then
f is said to be of finite type. We can define locally of finite presentation and of finite
presentation in a completely analogous way. Note that if S is locally Noetherian,
then for any morphism X — S being locally of finite type is equivalent to being
locally of finite presentation. Furthermore, if a scheme X is of finite type over a
Noetherian base scheme S, then X is Noetherian itself.

We say that a scheme X is of finite type over a field k if there exists a morphism
X — Spec(k) which is of finite type. The next result is just a variant of Hilbert’s
Nullstellensatz:

Theorem C.1. Let X be of finite type over a field k, then the underlying topological
space of X s Jacobson, i.e. every nonempty locally closed subset contains a closed
point of X.
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A morphism f : X —Y is called affine if the preimage of any affine open of Y
under f is an affine open of X. We say that f is integral if f is affine and for every
affine open V' = Spec(R) of Y with preimage f~!(V) = Spec(S) such that the ring
map R — S is integral. The morphism f is called finite if it is affine and for every
V = Spec(R), f~*(V) = Spec(S) as above the ring map R— S is finite. By the
definitions it is clear that f finite is equivalent to f integral and locally of finite
type.

Let f : X — Y be a morphism and consider the diagonal morphism A : X — X xy X
given by the diagram

id

X —X
)
X —f> Y
Then f is called separated if A is a closed immersion.
Recall that a map between topological spaces is called closed if the image of any
closed subset is closed. If f : X — Y is a morphism, then we say that f is universally
closed if f is closed (as a map between the underlying topological spaces of X and
Y') and for every morphism Y’ — Y, the base change f': X xy YY" — Y’ of f is closed
again.
Finally, a morphism f : X —Y is called proper if it is separated, of finite type
and universally closed. Both separatedness and properness are properties closely
related to topological notions, see more in [Har77, 11.4]. The main result on sepa-
rated /proper morphisms we will need is the valuative criterion, see Chapter .
Let X be a locally Noetherian scheme. Then X is called universally catenary if
for every affine open U = Spec(R) of X the ring R is universally catenary, which is
equivalent to Ox , universally catenary for all x € X. From the results of Chapter @
we get that every scheme X of finite type over Spec(A), where A is a Dedekind do-
main, is universally catenary. Furthermore, if X — Y is a morphism between integral

and universally catenary schemes, the dimension formula says that
dim(Ox ) + trdeg, (,)) £(2) = dim(Oy, y(xy) + trdegy v K(X).

Finally, recall that a morphism f : X — Y is said to be dominant if f(X) is dense in
Y. In the case where X has only finitely many irreducible components (for example,

if X is Noetherian) there is the following result:

Lemma C.2. Let f : X =Y be a morphism of schemes and assume X has only
finitely many irreducible components. Then f is dominant if and only if for every
component of Y its generic point is contained in f(X). In this case Y has only

finitely many irreducible components as well.

Proof. Every point z of Y lies in an irreducible component Z. Denote by &5 the
generic point of Z; if £ € f(X) then y € Z C f(X).
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Conversely, assume f is dominant. Decompose X = X;U...UX, into its components

and denote by 7; the generic point of X;. We have Y = |J f(X;) with each f(X;)
irreducible and such that its generic point f(#;) is contained in f(X). O

Let us finish by showing that, for a dominant morphism between integral schemes,

all ring maps between the rings associated to affine opens are injective.

Lemma C.3. Let ¢ : R—S be a ring map with corresponding morphism f :
Spec(S) — Spec(R). Then f(Spec(S)) = {p € Spec(R) : ker(y) Cp}. In partic-

ular, f 1s dominant if and only if @ is injective.

Corollary C.4. Let f : X =Y be a dominant morphism between integral schemes.
Then, for affine opens U C X,V CY such that f(U) CV the induced ring homomor-
phism T'(V,Oy) = T'(U, Ox) 1is injective. In particular, for every point x € X the

local homomorphism Oy, ) — Ox , is injective.

Proof. Denote by n the generic point of X and by & the generic point of Y. Since f
is dominant it maps n to £. Furthermore, since X is integral, we get that every affine
open U C X must contain 7. So taking an affine open V' C Y with f(U)CV we get
that the morphism res(f) : U — V maps the generic point of U to the generic point

of V. Hence it is dominant and the corresponding map of rings is injective. 0

Appendix D. Normal schemes and normalization

Let X be any scheme and x € X a point. We say that z is a normal point of X
(or alternatively, that X is normal at x) if the local ring Oy, is an integrally closed
domain. The scheme X is called normal if X is normal at all points x € X. By
definition, a normal scheme is necessarily reduced.

Let us now define the normalization of an integral scheme X. First assume that
X = Spec(R) is affine. Consider the integral closure R’ of R inside Quot(R). Set
X = Spec(R'). Then the inclusion R C R’ induces a morphism X — X and we will
call this the normalization of X. In the case where X is not affine, we can globalize
this construction. This process is rather technical and makes use of a few results
and definitions not covered here. We will only need the properties listed below, so
any proofs are omitted. As a general reference, see for example [GW10, (12.10)].
Let X be an integral scheme with function field K = K(X). Then K induces a
quasi-coherent sheaf Kx on X via I'(U, Kx) = K for all opens U of X. We define
a pre-sheaf A on X by

I'U,A) ={z € K : zis integral over I'(U, Ox)}.

One can prove that A is a quasi-coherent O x-algebra. Hence A defines an X-scheme
X = Spec(A). We call the natural morphism 7 : X — X the normalization of X.
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By definition 7 is affine. Furthermore, from the affine case we obtain the following
properties:
e The scheme X is integral and normal.

e The morphism 7 is integral, surjective and we have that dim(X) = dim(X).

e The induced map between function fields K (X) — K(X) is an isomorphism.

It is possible to extend the definition of the normalization to more general schemes,
for example to reduced schemes with finitely many irreducible components. How-

ever, we will only need to consider the normalization of integral schemes here.

Appendix E. Valuations

We start with the definition of a valuation. Let I" be a abelian group, written
additively, and > a total order on I" which is compatible with the group operation.
Introduce a new symbol co and extend both operation and order to I"U{oo} via the
rules a +o0o =00 +a =00 and oo > a for all @« € I'. Let K be a field. A valuation
of K is amap v : K — I' U {oo} satisfying the following properties for all z,y € K:

(1) v(x) = oo if and only if z = 0.

(2) v(zy) =v(z) +v(y).

(3) v(z +y) = min(v(z), v(y)).
The subgroup v(K*) of I' is called the valuation group of v. Set R, = {z € K :
v(x) >0} and m, = {z € K : v(x) > 0}. It is easy to check that R, is a local ring
with maximal ideal m,,, we say that R, is the valuation ring of v.
Conversely, assume that R is a subring of a field K. We have that the following

properties are equivalent:

(1) For every x € K, we have that x € Ror z~! € R.
(2) R is local, the quotient field of R is K and R is maximal among the set of
local subrings of K together with the partial order given by domination, i.e.
(Rym) < (R\m)if RCR and M N R =m.
(3) There exists an abelian group I" and a valuation v : K — I"U {oo} such that
R = R,.
If R satisfies any of these properties we say that R is a valuation ring and call v of
(3) its associated valuation.
We say that a subring R of K is a discrete valuation ring, or DVR for short, if there
exists a valuation v : K —7Z U {00} such that R, = R. There are many equivalent
definition for a DVR and we want to list those that will be used here.

Proposition E.1. Let (R,m) be a local domain. Then the following are equivalent:
(1) R is a DVR.

(2) R is a Noetherian valuation ring.
(3) R is Noetherian, integrally closed and dim(R) = 1.
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(4) R is Noetherian, m is principal and dim(R) > 0.

For a proof see Theorem 11.1 and 11.2 in [Mat89).
Let us now proceed with an important lemma connecting valuation rings to normal
local rings. In fact, Corollary is the main result behind Theorem [1.20

Lemma E.2. Let A be a normal domain with quotient field K. For every x € K,
x ¢ A there exists a valuation ring AC RC K of K such that v ¢ R.

Proof. Suppose z € K not contained in A. Set B = A[z7!], then x ¢ B; since
otherwise x = =% + ... + ag, a; € A, and multiplying this equation with z? yields
an integral equation for x over A. So 7! is not a unit in B and hence is contained
in a maximal ideal m of B. Consider B,, and take any valuation ring R dominating

it. Then x ¢ R since ™! is contained in the maximal ideal of R. U

Note that if in the above statement we suppose that A is local then for each
x the chosen valuation ring R will dominate A. Hence we get the following easy

consequence:

Corollary E.3. Let A be a normal local domain. Then A is the intersection of all
valuation rings of K = Quot(A) which dominate A inside K.

Lemma E.4. Let R be a valuation ring of a field K. Let X be any scheme. To
give a morphism Spec(K)— X is equivalent to giving a point x; € X and a field
extension k(z1) C K. To give a morphism Spec(R) — X is equivalent to giving two
points xo,x1 € X with o € {x1} and a field extension r(x,) C K such that R
dominates the local ring Oy, on the subscheme Z = WCX with its reduced

scheme structure.
For a proof see [Har77, Lemma I1.4.4].

Theorem E.5 (Valuative criterion of separatedness/properness). Let f : X =Y be

a morphism of schemes and assume that X is Noetherian.

(1) The morphism f is separated if and only if, for every valuation ring R with

quotient field K and every commutative diagram

Spec(K) — X

|

Spec(R) —=Y

with Spec(K) — Spec(R) induced by the inclusion R C K, there exists at most
one diagonal morphism Spec(R) — X making the diagram commute.

(2) Assume furthermore that f is of finite type. Then f is proper if and only if for
every valuation ring R with K = Quot(R) and every diagram as above, there
exists exactly one diagonal morphism Spec(R) — X such that the diagram

commutes.
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This is Theorem I1.4.3 and Theorem 11.4.7 in [Har77].

Appendix F. Completion and flatness

We refer the reader to [AM94, Chapter 10] and [Mat89, Chapter 8] for the def-
inition of the completion of a ring with respect to one of its ideals. Our aim here
is to repeat the properties of the completion which we will make use of in Chap-
ter . From now on, let R be any ring, I an ideal of R and denote by R the I-adic
completion of R. Assume that R is Noetherian, then we have the following:

e The completion R is flat over R (see [Mat89, Theorem 8.8]). Furthermore, if
I is contained in the Jacobson radical of R, then R is faithfully flat over R.

e The associated graded rings of R and R are isomorphic. In particular, R is
Noetherian again (see [AM94, Theorem 10.26]).

o If (R,m) is local, then R is local again with maximal ideal @ = mR and we

~

have dim(R) = dim(R) (see [AM94], Corollary 11.19]).

The following version of Krull’s intersection theorem can be found in [AM94] Corol-
lary 10.19].

Theorem F.1 (Krull’s intersection theorem). If A is Noetherian and I is contained
in the Jacobson radical of R, then (), I" = (0). In particular, the canonical map
A— A s injective.

To finish, let us recall some basic properties of flat resp. faithfully flat extensions.

Lemma F.2. Let R— S be a flat ring map.

(1) Ift € R is not a zero divisor in R then it is not one in S as well.

(2) If I,J are ideals of R, then ISNJS = (INJ)S.

(3) Assume that RC S is faithfully flat. Then, for every ideal I of R, we have
ISNR=1.
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